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kpsrifstwtal and thomeatioel studies of the heOkling *Ad oollpgse of
irwulma eylinriael and waonical shells unde loogitudinel LxWet are described.

Various oon-ditioms of loadirng were investigated, such an impact with rigid,
fluid, and granular media, and such effset& s initial gew'ti"al ispsrfeotis,
edge sup•ort. and loading asymre7 were included. In addition, the effect of
axial Istpst at vlocitieso up to 391 f/see an the beckling of thin 41Jlndrical
shells ws studied experimentally. Finally, three problown, relating to the
SX9*riXnts wr.e studied theoreticanly (1) the dynamle buckling of a circular
*y1indrical ukn.1 subject to an axial loading ihi varies Uiswarly with tims, using
thU wolinee2 teory*, (2) dynaic buckling of a cirmclar cylindrioal &bell subject
to a oonatant velocitr end displacement, incA•AIng the effteta of plasticity and
Ia.Morpatitg aoxromely large deflection&, and (3) the inaetenioald shactening
end collapse mde of ocoical shells for th esamplate rax•g of end shmrtening.

iodultat we presented which shoy reasonably good iepz'wism between
ezperiment and theary for kroblama (1) and (3) and further for the came of
Izternally presarized eir•ular clindrical shell. vuder axial Imasct (this latter
result stme from the previous porin). In additic. eatznsioual (*rize)
collapse waves were obtained in a thin cylindrical sholl Imp•cted auially at a
vlocity of 92 ft/soe. This is believed to be the flzat time such a mode has
been observed in a thin, unpressurized shell.
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INTRODUCTION

Investigations dealing with the buckling of thin cylindrical and
cal shells subject to an axisymmetric axial impact were perfarmed

a previous contract with the Flight Dynamics Laboratory, XTD.
se studies consisted of experimental and theoretical efforts directed
trd obtaining a qualitative and quantitative understanding of the
imic buckling behavior of such shells under a variety of condiions.
conditions studied were (1) loading due to impact with a rigid body,
oading due to impact with a fluid body (water), and (3) Initial internal
isure. In addition, methods of increasing the capability of shells to
ipate energy when subjected to an axial impact were studied. The
dts of the program are summarized in Reference 18.

The program described in this report was a continuation a1the
ious one. Its objectives were: (1) to extend the previous experimental
analytical efforts expended on the rigid impact of cylindrical and conical
is in order to obtain a prediction of the behavior from the initiation of
Let to the onset of plasticity, (2) to study the behavior of shells subjected
gid impact velocities high enough to produce plastic waves in the shell
to formulate a mechanism of the loading and the mode of respMse, and
D continue the study of shells subjected to longitudinally non-rigid im-
so that prediction, at least semi-empirically, of the response to a
m impact medium can be accomplished.

The program was divided into three phases, according to the afore-
ioned objectives.

ie I - Rigid Impact

In this phase an examination of the effect of certain often =defined
Itions on the buckling behavior was made. The conditions considered
initial geometrical imperfections, end support, and non-uniformly

ibuted axial loading. Initial imperfections of cylindrical shells were
sured using a system specifically designed for this program. A
od was found to reduce the measured imperfections to two significant
)onents. The effect of edge conditions was studied experimentally and
nd conditions considered were the free edge and a free edge containing
ternal circular support which prevented inward lateral displacements'
region near the end. Non-uniformity of the axial loading was achieved
2pacting obliquely on the end of the shell with a prescribed angle. In
ion to examining the effect of this condition on the buckling behavior
a required to determine the maximum angle of obliquity for which an
rly and repeatable collapse would occur. This latter objective is
ed to the use of shells as energy dissipation devices in landing vehicles.

The term "rigid impact" as used herein means an impact between
hell and a body in which all deformations are confined to the shell.
arly the term "non-rigid impact" applies to those impacts in which

script released by authors August 21, 1964 for publication as an
Technical Docunmentary Report.
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significant displacements are imparted to the impacted body as well as

to the shell*'

Phase 11 - High Velocity Impact

The purpose of this effort wai to explore through experimentation
the mode of response of cylindrical shells to rigid impacts at velocities
of several hundred feet per second. According to the hypothesis of
Reference 8, a sufficiently high velocity of impact should produce exten-
csionalori "ring" buckling and coUapse modes in a shell which. due to its
thinness, would respond at lower velocities in the inextensional or
"triangular" mode. It was desirous to determine whether this is actually
so and whether the energy dissipation capacity is increased due to the
higher energy mode of response. Another aim was to determine a mech-
anism of loading a metal shell structure under a velocity sufficiently high
to produce plastic strains in the loading wave.

Phase MI - Non-Rigid Impact

For the case of rigid impact, the stresses to which a shell is
subjected can be significantly large compared to the static buckling stress
even at low impact velocities (for instance, less than 50 feet per second
for a shell with R/h = 250). Hence, buckling and collapse invariably occur,
and all of the axial displacements are confined to the shell. When the im-
pacted medium is deformable, however, lower stresses are introduced into
the shell, depending on the resistance offered by the medium as it is
penetrated. As a result, buckling may or may not occur.

The purpose of this investigation was to determine what the buckling
behavior of the shell is under conditions of impact with deformable media,
to measure buckling loads, and to evaluate the effectivess of the buckling
in reducing the forces produced by a rigid body impact with the same
medium. It was further required tof obtain a prediction of tho buckling
behavior wih - respect to a given medium,

Experimental efforts were expended in all three phases of the pro-
gram and, in addition, related theoretical investigations were performed
on the following three problems. Problem (1) was a non-linear dynamic
buckling analysis of a circular cylindrical shell with internal pressure
subject to an axial loading prescribed as a function of time. Problem (2)
was a very large deflection analysis of a cylindrical shell under a constant
velocity of end displacement. The aim of this problem was to study the
effects of plasticity on the dynamic response. Proilem (3) was the study
of bucklinv and collapse modes of conical shell frusta having negligible
wall flexural rigidity.

2



2. LITERATURE SURVEY

During the past three decades enormous progress has been made
in the field of elastic instability of thin shells of various shape@. This is
particularly true for the case of static loadings of various geometries.
such as shallow spherical caps," cylindrical shells, and conical shells.
For these problem areas it is now well recognized that it is necessary to
employ a finite deformation theory which incorporates a consideration of
the initial imperfections present in the shell in order accurately to precait
buckling loads in agreement with experimental evidence. Rather complete
resumes of finite deflection buckling analyses of statically loaded elastic
shells are to be found in the survey papers due to Fung and Sechler (Ref. 1)
and Thielemann (Ref. 2).

Interest in the problem of dynamic buckling of thin shells has arisen
only during the past few years. Perhaps the first effort in this direction was
made by Schmitt (Ref. 3) who conducted an experimental investigation of thin
walled unstiffened aluminum shells dynamically collapsed by the axial impact
of a rigid mass. The maximum impact velocity achieved wac approximately
500 inches per second. On the basis of these tests it was possible to con-
clude that (a) the energy absorbed in the dynamic buckling is greater than
that absorbed in the static case, an'id (b) the ratio of these energies increases
with increasing impact velocity over the range of velocities considered.

Pioneering analytical work in the field of dynamically loaded shells
was carried out by Volmir (Refs. 4 and 5). He consider-5d a shallow circular
cylindrical panel subjected to a rapidly applied compressive loading along
its generators. The panel was assumed to have hinged edges and the ends
of'the penel were brought together at a constant velocity which was taken to
be much less than the velocity of sound in the material. This assumption
permitted the neglecting of inertia te: is corresponding to displacements in
the plane of the middle surface. For the particular geometry considered,
it was found that the dynamically loaded panel was able to sustain a load
sixty-five per cent greater than the upper c-itical value correspcnding to
static analysis. After this load was sustained, there occurred an abrupt
drop in load followed by an oscillation of the panel. Actually, at the end
of the drop in load for a very short interval of time the load became nega-
tive, corresponding to an extension of the panel.

An. extension of the work described in Referenc'e 5 to the case of a
closed c.• =ular cylindrical shell subject to dynamically applied hydrostatic
pressure or axial compression is due to Agamirov and Volmir (Ref. 6).
Th• authors apply finite deflection analysis together with a consideration
of initial imperfections and solve the governing equations by the Galerkin
approximation for the case when the lateral pressure increases lin.early
with regard to time. Dimensionless deflection-time relations are pre-
sented from which the loss of shell stability can be determined. It is
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however, to be noted that in this study the authors greatly simplified the
analysis by taking the value of certain parameters to be the same as given
by static analysis. This of course introduces an error of unknown magnitude.
For the ease of lateral pre sure increasing at a rate- of 2000 atmospheres
per second it was found tha* the0 dynamic buckling load was'approximately
twice the upper critical load found from static analysis. No numerical re-
sults were presented for the case of axial compression of the cylindrical
shell.- L

An experimental investigation of buckling of cylindrical shells by
dynamically applied hydrostatic pressure has been reported by Volmir and
Mineev (Ref. 7). The shells were duraluminum, having a radius-thickness
ratio of 112. For the case of lateral pressure increasing at a rate of 2000
atmospheres per second it was found that the dynamic buckling load was
2.66 times the tipper critical load found from static analysis. For lateral
pressures appl'led even more rapidly this dynamic overload coefficient in-
creased up to a value of 3.98 when the lateral pressure increased at a rate
of 6500 atmospheres per second. Also, the number of waves around the
circumference increased aý the loading rate increased. It is to be observed
that this dynamically applied hydrostatic pressure was applied to the speci-
men by suddenly opening alvalve between a high pressure fluid reservoir
and a lower pressure fluid surrounding the cylinder. Inspection of the ex-
perimental apparatus revea ls that the dynamic pressure along the length
of the cylindrical shell cannot be constant and hence an error of some
unknown magnitude is pres nt in these tests.

In 1960 Coppa (Ref. 18) presented a phenomenological theory for the
buckling of a circular cylindrical shell subject to an axially symmetric
impact at one end. According to this theory when a cylindrical shell is
struck on one end by a rigid, infinite mass with a velocity V a stress wave
travels from the struck end at the dilatitional wave velocity c. When the
wave front has traveled a distance Lcr from the struck end, instability
will occur in this region, provided that the velocity V is sufficiently great.
This instability configuration may be of two types, either an axisymmetric
ring-type buckle, or a triangular configuration depending upon the ratio
Lcr/D where D is the diameter of the cylinder, Once instability has
iiAtiated, the unstable region is unable to transmit the axial force which
initiated instability and hence the cylindrical region beyond the critical
region remains stable. It was further demonstrated that the/postbuckling
behavior for triangular buckling can be described by a continuous set of
stable inextensional configurations having progressively shorteaxiaaxial
lengths, successively lower axial resistances, and the same /.umber of
circumferential waves as the critical configuration-

An analytical solution of the problem of a long circular cylindrical•.• -
shell subject to a suddenly applied radial load which immediately beg'n _ .
to decrease in accordance with a negative exponential relationship has
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been offered by Slepov (Ref. 9). The solution is formulated in terms of
an assumed Fourier series expansion for stresses and deformations but
no numerical data are presented. The problem of stability of a long
cylindrical shell submerged in a liquid and suddenly subjected to an
increase in lateral pressure has been' examined on an energy basis by
Pertsev and Kadashevich (Ref. 10). A simplified analysis based upon
linearized small deflection theory for the case of a thin cylindrical shell
with hinged ends when one end is given a constant velocity and the other
end is immovable has been presented by Blokhina (Ref. 11). The shell is
assumed to have initial imperfections in the form of ring-type corrugations
symmetric around the circumference and only axisyr.umetric deformations
are considered. The analysis based upon these conditions led the author
to conclude that the greater the velc.ity of loading, the smaller will be the
amplitude of lateral deflection. Another study based upon litearized small
deflection theory is due to Yao (Ref. 12). It treats the stability of a long
cylinder under radial pressure of short duration. The equations of motion
are reduced to a mass-spring system having a single degree of freedom.
It is shown that if the magnitude of the pressure is greater than the static
buckling pressure, the displacement will increase monotonically as loading
duration becomes long. It is also found that the cylinder can withstand an
impulsive loading greater than the static buckling pressure if the loading
duration is very short compared to the free vibration period of the cylinder
in its first mode.

A refinement of the analysis presented in Reference 6 has been
offered by Kadashevich and Pertsev (Ref. 13). In this work the authors
again consider the effect of a uniformly distributed transverse dynamic
load on a cylindrical shell. However, in contrast to reference 6 here not
only is the inertia of the formation of buckling waves taken into accout but
also the inertia of axisyrnmetric compression of the shell. This permits
the authors to obtain the equations of motion of the shell for the case of
more rapid application of the load than is admissible in the system of
equations given in Reference 6. Lagrange's equations are employed to
obta-'n the differential equations of motion and these are solved by digital
computer techniques.

The problem of impulsive pressure acting on a long elart.ic
cylindrical shell presumed to be in a state of plane strain has been con-
sidered by Goodier and McIvor (Ref. 14). The pressure is assumed to
Lmpart a uniform initial radial velocity to all elements of the shell thereby
producing a purely radial motion in a "breathing" mode. However, this
Mode can be unstable with respect to small departures from uniformity
_nd the cne r gy of the breatriing mode can be quickly transferred almost
&holly into the one or two flexural modes whose frequencies are closest
:o the half -frequency of the breathing mode. Such a frequency implies a
relatively high flexural mode. The authors also consider the case of an
Impulsive pressure sufficiently great to cause inelastic inward flow.
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Plastic strain hardening andvvisco-plastic laws are considered. The
motions found in all cases have one interesting common characterisZ'&c,
i.e. a series of wrinkles may develop around the entire circumference.
A theory hasnbeen pbstulated by Abrahamson and Goodier (Ref. 15) to
explain this wrinkling which has also'been observed experimentally.

The stability of a thin cylindrical shell with a constant axial pre-
load and subject to dynamic lateral pressure has been investigated by Koval
and O'Neill (Ref. 16). The study investigates the coupling between an axi-
symmetric ring type mode and the asymmetric mode into which the shell
will initially buckle. It is demonstrated that under certain conditions when
the ring mode is dynamically excited it may be possible to induce buckling
at a dynamic critical pressure that is smaller than the static buckling pres-
sure for shells having radius-thicknes s ratios less than Z00. The authors
also reported an experimental investigation in which an electrostatic loading
system was applied to coated mylar cylinders for the purpose of producing
high rates of lateral loading. The coating consisted of an aluminum film
that was vacuum deposited on the inside of the mylar specimen, Another
recent study is due to Roth and Klosner (Ref. 17) who have refined the
analysis appearing in Reference 6 to include more free parameters.

Finally, a recent report by Coppa and Nash (Ref. 18) presents an
experimental as well as analytical approach to the problem of buckling of
thin elastic cylindrical shells due to axial impact. The experiments in-
dicated that buckling of a cylindrical shell is initiated during the first
passage of the axial compression stress wave due to the initial impact
when the impact velocity is sufficiently high. Another significant experi-
mental result obtained is that the asymmetrical form of shell buckling
occurs as a result of smooth transition from the symmetrical or ring form
of buckling in some thin cylindrical shells subjected to an axially symmetric
axial impact. The analytical phase of this study consisted of an extension
and refinement of the finite deflection analysis due to°Volmir. It indicated
that both the upper critical stress and the- number of circumferential waves
increase and the time to initiate buckling decreases with increasing velocity
of impact. These trends are in agreement with the phenomenological theory
due to Coppa (Ref. 8).

The past few years have also seen several interesting contributions
to the problem of dynamically loaded shallow spherical shells. The first
of these, due to Suhara (Ret. 19), treated such a shell subject to a sud-
deniy applied uniform pressure of infinite time duration. Non-linear
strain-displacement relations were employed and only the inertial term
corresponding to the direction normal to the shell middle surface was re-
tained. A buckling configuration geometrically similar to that found in the
case of static Icading was employed and a solution to the dynamics equations
was obtained by a variational method with the equations being solved on an
analog computer. The study was of a rather qualitative nature since the
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author conc•uded that a more accurate deflection function should have
been emplo, ed.

In 1 62 Humphreys and Bodner (Ref. 20) employed a nonlinear,
analyuis of this same problem and formulated the critical condition of the
dynamic system through an energy method. Although the behavior of the
dyntmic response was not obtained by this method, the general relation
between the geometric shape and critical impulses as well as criticaldeflections was obtained rather simply. In that same year Budiansky and i
Roth (Ref. 21) examined the behavior of a shallow spherical shell subject

to an impulsive loading uniform over the surface but of various time dura-
tions. Nonlinear finite deflection analysis was employed and the authors
integrated a five degree of freedom dynamic system numerically to obtain
the buckling condition.

The 1poblem of transient response of a shallow spherical shell
subject to dynamic loads with arbitrary time history has been investigated
by Koval and Bhuta (Ref. 22). These authors employed nonlinear finite
deflection theory and approached the problem from the standpoint of
expansion of deflections in terms of eigenfunctions of the shell. A digital
computer program was presented which gives dynamic response for such
shells with a variety of boundary conditions and also with a consideration
of small damping.

More recently the problem of dynamic buckling of a clamped edge
shallow spherical shell subject to impulsive uniform normal pressure has
been examined by Ho and Nash (Ref. 23) and Ho (Ref. 24). These studies
were based upon use of nonlinear finite deflection relations, and sought a
transitional point ior an originally stable system after which the system
would be unstable. This of course represents the critical condition for the
structure. The dynamic characteristics of the system were considered and,

Sit wad shown that the study of the stability of the dynamic system is essen-
tially equivalent to the condition that the system moves on the separatrix in
the phase plane. Loss of stability as employed here h-Ls the same nature
as the usual dynamic buckling criteria, i.e. the characteristic deformation
undergoes a severe change. This criteria is readily extended to multiple
degree-of-freedom systems. Specific cases of a clamped edge shallow
spherical shell subject to (a) suddenly applied pressure which is constant
with respect to time, or (b) uniform pressure linearly increasing with
respect to time were treated on the basis of this criteria.

A problem area -losely associated with. the dy-namic buckli-- g trea.
ments mentioned above is that of instability rorrespoan-ding to -autopararnet-
ric excitation in nonlinear oscillations. In this type ofoblem the
objective is to construct a range of parameters which charac 'ze -s the
impulse imparted to the thin shell and in the presence o which sna-p through•
buckling of the shell does not occur. For example, a long ,:ylindrical shell
(if assumed to be in a state of plane strain) when subjected to a pres1.re
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loading of sufficient magnitude buckles statically into an oval shape. If the
loading Is dyawmic, sinusoidally varying pressure for example the shell
may still buckle in the sense that the character of the motion may substan-
tially alte asi time increasees. If the frequen"cies" involved are sufficiently
high the dynamic terms must be included and this constitutes a problem in
forced vibrations. The term dynamic stability is often employed to charac-
terize this autoparametric phenomena but it should be understood that the
significance of the term is somewhat different than the sense in which it has
been previously employed in this discussion.

Linearized small deflection problems involving autoparametric
oscillations are treated rather completely In a book by Bolotin (Ref. 25).
The impulses considered there are usually of a harmonic type superposed
on a constant load. The geometries treated include plates, panels,
cylindrical and spherical shells. The finite deflection problem of a cylin-
drical panel aubject to a normal impulse which decays exponentially has
been investigated by Bolotin et. al. (Ref. 26). Autoparametric oscillations
of this same structure when subjected to a pulsating longitudinal pressure
producing finite deflections have been investigated by Mishenkov (Refs. 27
and 28). Damping was considered in these treatments. Pulsating radial
pressure applied to a circular cylindrical shell undergoing finite deflections
creates parametric oscillations which have been investigated by Cnuai (Ref.
29). This same author has also considered parametric oscillations of
anisotropic shells (Ref. 30). The problem of autoparametric oscillations
of a circular cylindricai shell loaded by pulsating longitudinal pressure has
been treated by Bolotin and Boychenko (Ref. 31). One of the very few
experimental investigations of this phenomena has been reported (Ref. 32)
for the case of cylindrical shells subjected to pulsating lateral pressure.
A treatment of dynamic stability for cylindrical shells subject to axial or
radial loads for the case of small deflections has been presented by Yao

'(Ref.- 33). iThe Tregions of instability and stability are established directly
in terms of the shell geometry, the load intensity,, and frequency, o The
results indicate that a cylinder designed according to the static buckling
load can withstand an additional periodic load. It was found that the ratio
of additional periodir; load to the static buckling load was greater for a thin
cylinder tl.an for thicker cylinder of the same radius. It was also found
that the resistance of a cylinder to loads in excess of the static buckling
load increases with increasing frequency of loading.
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PART L EXPERIMENTAL PROGRAM

L. EXPERIMINTAL FACILITIES

3. 1 Pressurized Shell Impact Tester

The apparatus on which experiments with pressurized shells under
rigid impact are performed was described in Reference 18 and for com-
pleteness a description is included herein. Referriag to Figure I a cross
beam assembly is guided vertically along a one inch vertical shaft which is
held under tension via two spherical bearing seats. A carriage containing
two low friction ball bushings connects the cross beam to the shaft thereby
providing accurate, tight positioning and an extremely low friction guidance.
An electromagnet which can be raised and lowered by means of a winch
operated cable system, provides the force for lifting the cross beam
assembly and for quickly releasing it. At one end of the cross beam, the
impact head is mounted via a special release pin and at the other end,

counterweight is similarly attached. A mechanical release mechanism,
one at each end of the cross beam releases the impact head and counter-
weight together froin the crossbeam. Mounted centrally with the vertical
shaft is a shock absorbing system the upper end of whose shaft contains a
plastic foam buffer. After release, the crossbeam assembly containing
the impact head and counterweight falls freely along the shaft while re-
strained from rotation by a guide wire. Prior to impacting on the foam
buffer, the release mechanism is actuated, the point of release being held
as close as practicable to the impact end of the cylinder. Prior to striking
the specimen, the impact head impinges against three pivoted rods either
of which triggers the oscilloscope traces. Once released, the impact head
is unrestrained and therefore free to undergo rotations. By careful adjust-
me-t, however, the impact head can be controlled to be coplanar with the
specimen end to an acceptable degree at the initiation of impact.

The maximum velocity obtainable at impact is 43.5 ft/sec. and
the allowable weight of the impact head, limited by the present magnet,
is approximately fifty pounds.

3.2 Modified Pressurized Shell Impact Tester

A simpler modified version cf the above described apparatus shown
in Figure 2 results in a number of advantages, although the specimen size
is limited to eight inches diameter. The advantages are (1) the impact
head is restrained from rotating before and after impact, (2) the impact
head is retained on the apparatus (3) the maximum allowable weight of the
impact head is increased to 100 pounds, (4) the test set up is considerably
simpler and (5) the impact velocity is increased to 46 ft/sec. The impact
head assernb!y was designed with a center of gravity that 's offset from
the vertical guide by a distance of 4 inches. The specimen to be tested is
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mounted so that its central axis passes through the centerof gravity of
the head. Upon impact, the resultrnt of the head inertia forces is in
equal opposition to and aligned with the resistance force of the impacted
shell. Consequently, the moment transmitted to the guide shaft is o
bnegligible, as long as the alignment is good.

3.3 Non-Rigid Impact Tester

W With -this apparatus (shown'in LigureC 3) which isa a modiiicati6n of

the described above, shell structures may be impacted into deformable
media such as fluids, soils, or any other natural or simulated penetrable
media. For fluid tests, a tank, 4 feet in diameter and 50 inches in length,
is placed centrally beneath one of the release points. The specimen together
with its mounting fixtures is mounted on the cross beam and is made to im-
pact into the tank in the same manner as previously described for the impact
head. The tank contains a large window of 1/2 inch thickness Plexiglass,
through which high speed pictures of the ;,pecimen can be taken during impact.

For tests with solid media, the tank may also be used, but it was
found preferable to use a plywood box container in order to prevent abrasion
of the Plexiglass window by solid particles.

The maximum velocity and allowable specimen assembly weights are
approximately the same as for the pressurized shell impact tester.
3.4 High Velocity Structural Impact Facility

This facility was designed to test structures of appreciable mode!
size under the action of high velocity, heavy mass impact. The kinetic
energy available at impact is nominally 55, 000 lb. ft. with growth potential
up to 150, 000 lb. ft. The velocities obtainable depend on the mass which is
_propelled. As an example, a 14-pound projectile can be givenoir nominal
velocity of 500 ft/sec. The apparatus is shown'partly diiasssembled in
Figure 4. The driving element is a pneumatic cylinder which suddenly dis-
charges a volnme of high pressure gas when a diaphragm is ruptured. The
expanding gas accelerates the projectile through an accurately honed tube
whose length and bore diameter are 18 feet and 7. 09 inches respectively.

The specimen to be tested is mounted on a housing which is mounted
on rollers and thereby is free to move along the direction of impact. On
the end of the housing facing the impact is a buffer section whose purpose is
to eliminate projectile rebound during the final process of arresting the
projectile. The specimen, which may be as large as 6 inches in diameter
and several feet in length, protrudes through the buffer section and is ex-
posed to the impact of the projectile. During .he test, the specirnen retracts
into the protection of the buffer housing and is thereby protected against any
further damage. The energy stored in the system after the completion of
the test is absorbed by a hydraulic shock absorber.
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This apparatus features accuracy of alignment of the specimen
and projectile at impact, a section for taking high speed motion pictures,
and a completely enclosed design which allows safe operation in the
laboratory.

S C
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S4. INSTRUMENTATION

The principal quantities that were required to be measured were
the axial resistance of the, shell, tothe impact hea4,- the critical bu. g ling'
stress and time. and the postbuckling load history. It was further desired
to obtain visual records of the overall surface of the shell as it responded
to the impact. A brief description of the instrumentation that was used to
obtain and record the- required measurements follows: e .

4.1 Accelerometers

Accelerometers were used to measure the total axial resistance of
the shell as it varied with time. This was done by mounting the acceler-
ometer rigidly within the impact head and meac•'ing the acceleration of
the head during impact. The acceleration is due to the sum of the axial
resistance of the shell and the force of gravity. The accelerometers that
were used were (1) Gulton AA-25 -Oil damped piezoelectric crystal accel-
erometer with a usable frequency up to 13. 6 KC, a damping factor of . 65
critical, and a sensitivity of . 12 mv/g. (2) Endevco 2225 - Piezoelectric
crystal accelerometer with a resonant frequency of 80 KC and a sensitivity
of .5 mv/g.

4.2 Strain Gages

The buckling stress and the time at which buckling is initiated was
measured by strain gages mounted to the shell wall in opposite pairs so
as to cancel bending. The measurement of the buckling stress was con-
sidered to be valid when three pairs, equally spaced about the circum-
ference and located sufficiently distant from the region of buckling, showed
reasonably similar stress-time records. The buckling stress-time curve
was taken as the average of the three records. The strain gages also
yielded, the postbuckling stre's s history.

The gages used were Budd Metalfilim types C12-1XI-32A (1/32 in.
gage length) and C 12-111 (1/16 in, gage length). The bonding material was
Eastman 910 cement.

4. 3 Photography

A Fastax motion picture camera having a maximum framing rate
of 16, 000 frames per second was used to obtain a visual record of the
overall deformational behavior of the shell during the impact.

4.4 Recording

All acceleration and strain data were recorded with oscilloscopes
(Tektronix model nos. 531 and 535) equipped with single sweeps and
Polaroid cameras.
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4.5 Triggering

Oscilloscope sweeps were initiated by a variety of trigger systems,
depending on the type of test. In each case, the impacting body macde IC
electrical contact wvith one or several pivoting trigger rods which were set
at a specified distance from the impacted body. In this manner, the initial
sweep of the scope was at a zero value of the quantity to be measured.
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5. PHASE I- RIGID IMPACT

• . Apparatus c CO °' -' ° .. ...

5. 1.1 Pressurized Shell Mounting Fixtures
S one 0f the fixtures athat were used for mouunting the shells for testing

is shown in Figure 5. It has three mounting surfaces, an outer one for
mounting 12 semi-vertex angle cones, a middle one for mounting 5 semi-
vertex ang77 cones and inner one for mounting cylinders. On the inner most,
ring, the Mylar pressure membrane is clamped. Sets offour segmented
clamps are used to fix the shells securely to the fixture at their bases., The
central hole at the middle leads to a set of six one inch diameter holes that
run radially out through the sides of the fixture, thereby providing for
venting of the interior of the shell.

At the center bottom of the fixture, a br &cket for mounting the
membrane support chain is located. This is shown in Figure 6 together
with a shell and membrane as they appear in the pressurized configuration.

5. 1. 2 Strain Gage Attachment Fixture

In order to mount strain gages accurately in any part of the shells
used in this program, it became apparent in the previous program that
some kind of fixture was necessary. As a result a fixture was built which
has since proven its value many times. The fixture is shown in Figure 7.
It consists essentially of two parallel arms having an open end and made in
one rigid piece. Near the open end, each arm has a hole which is aligned
accurately with the other. Through each hole is a circular plug that is
restrained from rotation but free to translate in the hole. A cam mech-
anism actuates the translation of one plug and a micrometer head the
other. The arm assembly fits in a slot and is perpendicular to a circular
plate and can be positioned with respect to the plate by a clamping nut.
In using the fixturec, the circular plugs are removed from the arms and'
strain, gages are attached to themr with'a mate-ial like soft wax which will
not adhere strongly to the gagas. The gages are positioned on the plugs
with the aid of scribed cross mharks that indicate the axial and circum-
ferential directions. Strain gages adhesive is now placed on the shell at
the required location and the entire assemblyless the plugs is placed on
the shell, via the arms straddling the shell wall. The assembly is
attached to the shell when the end of the shell fits on the shoulder of the
circular plate. The arm assembly is finally positioned by sliding the
arm assembly in the circular plate and locking it. At this ?oint, the
plugs with strain gages attached are inserted in their respective holes
and the cam turned until the gage makes contact with the "nner wall sur-
face with light pressure. Then the micrometer head which is always used
outside the shell is screwed in until the gage makes contact with the outer
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surface of the wall and slips on via its torque limiting rachet. The contact
pressure is now a firm 1-2 pounds. the value recommended by the stratn
gage manufacturer for proper attachment. The plugs are then moved out-

ward. the fixture removed, and the installation of an opposite pair of gages
Sis completed.

By this means a back to back gage assembly can be ins6alLed to
within several thousandths of an inch deep in the interior of the shell with
additional savings of time, tedious labor, and scrappage.

5. 1. 3 Imperfection Measurement System

The system for measuring the initial imperfections of shells con-
sists of three parts: (1) the measurement table, (2) the low pressure gage
and stand and (3) an oscillograph. Figure 8 shows the system less the
oscillograph in a set up for measuring cylindrical shells. The principle of
operation is simply to rotate the shell about a fixed central axis which
passes through the center of the shell at its base and is perpendicular to
a surface plate. A gage mounted on a straight post which is also perpen-
dicular to the surface plate is positioned a certain distance R, from the
axis of rotation. If a perfect right circular cylinder having a radius R I
is mounted centrally and made to rotate about this axis, the gage will not

deflect. If the cylinder has any deviations from a perfect one, the gage
will deflect when these deviated regions pass it. This applies to non-
circular right cylinders as well. If the gage is such that it gives an elec-
trical output that i- proportional to a linear deflection, deviations can be
recorded automa'ically on a recorder. If in addition, the speed of rotation
is constant, then the record is directly readable in terms of the deviation
at all circumferential positions.

In order for this system to work, it is essential that the wobble of
the central axis of rotation be negligibly small or else have a known con-
stant value. This was achieved in the system being described merely by
supporting the measurement table rotating plate, shown at the boitom of -

Figure 8 on a thin film of oil. The rotating plate and all subsequent plates@
that are mounted on the rotating plate are ground or machined flat to within
several tenths of a thousandth of an inch and all surfaces for mounting
shells are made circular and concentric with the axis of rotation to within
very small tolerances.

The rotating table is driven by an electric gear motor at a constant
speed of 3 rpm, thereby achieving automatic correlation between the
measured deviation and its location along the circumference.

The gage is a Schaevitz linear variabl. differential transformer
type with a pivoting arm which produces a low contact pressure of about
2-4 grams. This is more than adequate for avoiding objectionable deflec-
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tiont of thin, cylindrical shells having A radius to thickness satio of 700 or
less while measurements are being made. The tip deflection of the gage in
its linear range is . 060 inch.

° TheCcylinaerto be measurred is mounted ,on the' mounting fixture°in

its final testing assembly, complete with pressure bag and instrumentation.
Prior to tightening the base clamps, an accurate circular plug is inserted
at the top end of the shell. The base clamps are then tightened and the plug
removed, Continuous transverses of the circumferenceoare then miade at
as many cross sectional stations as desired. This is done merely by
moving the gage bracket to the appropriate positions along the height stand.

The cylinders are measured also under internal pressure by in-
flating their membranes with air supplied through a long flexible tube
connected to the mounting fixture. This tube allows rotation of the assembly
while at the same time inserting air to make up for unavoidable leakage
through the membranes.

Complete mapping of twenty cross sections can be measured and
recorded in about one half hour.

5.2 Specimens and Instrumentation

The cylindrical and conical shells used in Phase 1 were made from
5052H-38 aluminum alloy sheet material. The cylindrical shells had the
following dimensions: inner diameter 5. 705 in., length 22.80 in.,, and
wall thicknesses of . 008 and . 016 inch. They were fabricated by rolling
an accurately cut rectangular sheet metal blank and carefully butting the
edges. The seam was made by bonding a narrow longitudinal strip having
a thickness of one half the wall thickness on each side of the butted edges,
using an epoxy adhesive. The surface of the . 016 in. wall thickness shell
had maximum radial deviations of lessw than . 016 in, • or one wall thickness
with one end held circular-and the opposite end-free,. The deviations of the

.008 in. wall thickness shell ranged up to two wall thicknesses.

A grid of axial and circumferential lines was put on the outside
surface of the shells. The lines were . 010 in. thick and were spaced
1/4 in. apart in both directions. The spacing accuracy was within

/ .002 in/in. The purposes of the grid were (1) to serve as a reference
system for making imperfection measurements and1 reading the high speed'
motion pictures, (2) to render buckling deformations more visible both in
the motion pictures andin-the final specimen, and (3) to show large nr.em-
brane strains to an approximate degree.

"conical shells bad an axial length of 22. 8 in. , a major diameter
of 7. 68 in., az_.'nor diameter of 3. 84 in., and a wall thickness of . 008 in.
They w-el-e-4abricate-d by first cutting a conical blank on a reference tem-
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tte, rolling and forming a simple lap Joint along a generatrix with
hesive bonding materials. Two adhesives were used; both made by the

saneota Mining and Manufacturing Company. They were no. EC -2216 I
A, a room temperature curing epoxy paste type adhesive and Scotch-
Id brand film type adhesive no.' AF42, having a film thickness of. 004 in.
.ch required a preparation of the aluminum metal surface as follows:
raline degrease wash, rinse, and etch for 10 minutes at I50°F in a solu-
,n consisting of 30 parts distilled water, 10 parts concentrated sulfuric
id, and one part sodium dichromate. The curing cycle used was 150°F
th no clamping pressure for 2 hours for the EC-2216 B/A and 350' F with
psi clamping pressure for one hour for the AF-42 adhesive. The EC-

16 B/A adhesive has the advantage of a low temperature cure but has
latively low peel strength and is messy to use. The AF42 adhesive has
cellent peel strength and is very convenient to apply, but the 350°F 60
nutes curing requirement must be tolerable to the material being bonded.

The standard instrumentation of the cylindrical shells consisted of
accelerometer mounted centrally in the impact head and strain gages
!ded to the shell wall, Strain gages were mounted in opposite pairs in
nost all instances and so wired as to cancel the flexural components.
e gages were located as follows: three axial pairs equally spaced at
d-length to measure the dynamic buckling and postbuckling loads and
ies; one axial pair 2 inches behind the impacted end to measure the
•ess-time character of the dynamic loading as initially introduced into
Sshell; one circumferential pair to measure the static hoop stress due
internal pressurization for the purpose of verifying the effectiveness
the membrane pressurization method and to measure the dynamic
*cumferential stress near the impacted end in specific instances. Strain
les were mounted at other positions whenever it became necessary.

An instrumented cylinder mounted in the test fixture is shown in
gure 9 in a ready condition for testing. ,This particular specimen had
internal circular plate mounted at the impact end, the purpose of which
s to test the effect of supporting the end against inward displacement of
! shell wall. The plate was not attached to the wall but rather fitted
iggly when first introduced into the shell. Upon pressurization the shell
11 x as free to displace radially and hence was nct subject to initial defor-
tions due to pressure. The plate was supported against the axial pressure
.d by a chain which was attached centrally to the plate at the upper end and
the center of the mounting fixture at the bottom. The pressure bag was
'unted to the inside of the plate and to the mounting fixture in a manner
ailar to that described in Reference 18.

The 'nstrurnentation of the conical .hells consisted also o! an
:eleromreter mointed in the impact head and strain gages bonded in
)osite pairs. The location of the strain gages varied to a certain extent.
example of an instrumented conical shell is shown in Figure 10, which
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,shows a set of three axial pairs equally spaced around the circumference 4
a ia station 2 inches behind the impact end' and a set of three (including F
one of the above) axial gages aligned along a generatrix of the cone and near
both ends and at the mid-length position. Other conical specimens had three
Pairs equally, spaced aboutthe circumference at the mid-length station and
another set along a generatrix at several axial positions.

5. 3 Initial Imperfection Measurements

The zero reference for the imperfection measurements that were
made with the previously described system is-the cylindrical surface whizh

is formed by a right circular cylinder whose base coincides with the base
of the actual cylinder and whose axis coincides with the central axis of the
rotating table. Errors due to wobble of the axis of rotation about the refer-
ence cylinder axis are accounted for by applying correction factors to the
various axial stations. Since the specimen is measured in its test fixture,
mounting inaccuracies become part of the effective imperfections that are
pertinent to the buckling behavior. Care, however, was taken in mounting
the shell so that mounting "imperfections" would not be larger than those
resulting from the amount of nonperpendicularity of the base section.

Prior to mounting the shell, a traverse was made of the mounting
circle to establish a straight reference line on the oscillograph. The
specimen was then mounted, and a traverse made of the outer diameter
surface at the base of the shell. This line was slightly wavy due to the
difference between the inner diameter of the shell and the diameter of the
mounting circle. The radial displacement in this waviness was a maximum
of . 003 in. (including the seam). Traverses were made of twenty axial
atations one inch apart along the cylinder in addition to the base. This was
done for zero pressure, half test pressur'e, and full test pressure for most
of the cylinders without disturbing the mounting. Typical traverses are
shown in Figures l l(a), (b) in which measurements at axial position 9of
specimen G-8 are compared at two values of-internal pressurization, 0 and
17 psig. The circumference of all traverlsed stations was also measured
in later specimens when it was found that their variation was not negligible.

The traverses in themselves are not very meaningful since they
merely tell how the actual surface deviates radially from a perfect right
circular cylindrical surface whose base section coincides with it. In order
for these measurements to be useful for comparing exp-rimental values
with theoretical predictions, they must be reduced to meaningful components
of deviations which are related to the coordinates of the shell.

The traverses were integrated to determine the position of the
centroid of the actual cross sections with respect to the reference base
section. Referring to Figure 12 the centroidal position of the section at
station i is shown at 0' displaced from the center 0 of the reference base



circle by the distance 8 The line segment 00' is shown oriented by the
angle G0 from the line . The point P specifies the rotational position
on the shell at the start of measurements. The point Q is at the point of
measurement and the measurement is directed along the line OQ which is
located from OP by the angle S., The circle with center at 0' (with radius
Ri) and having a circumference equal to that of the actual cross section at
station I represents the mean circular position of the actual section. The
radius Ri is assumed to be somewhat different in magnitude from radius
R, the difference being on the order of 8.

The surface made up of all the mean circular cross sections
properly aligned is a circular "cylindrical" surface having a crooked axis
and is illustrated in Figure 13.

The radial difference between the actual and mean surfaces, A is
determined with the aid of Figure 12.

A a 8 - coo(a- o)+Ricos R-I

where X = sin " 8 /R. sin(•- () - ) (9). defines a waviness type of•1 0 1 t

imperfection about the circumference of the mean circle at station I. A
plot of values of A at all axial stations for a fixed value of S. designated
by A (i)q , gives the waviness about the crooked longitudinal of the mean
"cylinder. " A (9)i and A (i) 9 , therefore, are the imperfection components
and together with 3i and 7i , the components of the centroids of the sections,
completely describe the imperfections of the shell.

This system of imperfection components is related to the manufacture
of shells. The A (B)i and A (i) 9 are due largely to waviness in the sheet
material from which many shells are formed. Such waviness occurs as
a result of th_ shet rolling operation and is usually uncorrectable. An-
other source is the longitudinal seam which shells formed from sheet
material possess. ,Local distortions in the vicinity of the seam and Other
joints due to welding are a common form of such imperfections. The xi
and Vi types of imperfecti.n, on the other hand, are due to inaccuracies in
fabrication. If the shell is made from sheet material and the rectangular
blank does not have equal and parallel opposite sides, or if in positioning
the seam for the joining operation the seam edges are not parallel, the
centroids of the shell will be disturbed and resuJt in the xi and yi type.
Overall shrinkage of welded seams can also contribute to this type of im-
perfezction.

In reducing the measiurrd traverses the following assumptions were
made: (a) the radial deviations 8 are very smnall compared with the average
radias of the cylinder and (b) the area of the mean circular cross section

tatio'a i is equal to the area of the actual cross section at i.
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Taking as the x axis the line passing between the center of the
reference base circle (the center of rotation) and the point on the shell
at which measurements start, the cartesian coordinates of the centroid
of th actual ,cross section are (refer tio Figur,- 12):

R+8(9)i

p coso dpd
V R.7 0

2 2S p sin 8Gdp d9

considering the expression for x t

1 21Y 3
=, - - 1 1, R +8(9) ) coosd

- 2 R 3+3R 8+3R8 +8 cos OdS3i1rR

The integral of the first term is equal to zero.

,2w

I 7" R .) sin , d1

Examining the terms and noting that R Ri and 8 /R, << 1, it is evident
that the second two terms may be neglected in comparison with the first.
Hence

21r

X ~ 8 (19)cos 9 d9
1 R J10  1

and similarly

y. f 8- ~) sin9 d9
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From tht. the and y canbe
Sand So obtained: t

7-,7 7Yi

5.4 Plots of Imperfection Components

Plots of the A (0) imperfections of Specimen G-8 are shown in
figure 14 for axial positions 21.6 (Base), 18, 15, 12, 9, 6, 3, and 0, and
for internal pressures of 0 and 17 puig. The position numbers refer to the
distance in inches of the section from the top or impact end of the shell. j
The values are plotted about the straightened-out circumference of the
local section of the unpressurized shell and hevce should be distributed
about this reference such that negative and positive areas under the par-
ticular A(O)i curve sum to zero. This is in keeping with the assumption
that the imperfections leave tL-i cross-sectional area unchanged. This
condition is met to a satisfactory degree with discrepa3cies being less
than . 003 inch at the top section and considerably less at most other
sections. In all the sections represented, it is clear that the internal
pressure accomplishes a reduction of the waviness imperfections,. both
with regard to form and magnitude. Comparing the shapes of the curves
at a given section, the correspondence of form between the pressurized
and unpressurized cases is evident, showing a reaoonable trend ini the
form from the unpressurized to the pressurized cases. This fact demon-
strates the resolution capability of the measurement swstem.

The deviations throughout the major portion of the shell are within
.007 in except in the region between thie circumfrerential positions 12-17,
the region about the seam. Deviations in this region are particularly
large as high as . 020 in. and show that the seam, the center of which is
located near position 16 is the major c.iuse of imperfections in the shells
used in this prcgram. In addition they show that the disturbance due to
the seam extends far beyond its width of 1/4 in. The internal pressure
has the particularly beneficial effect of diminishing the magnitudes of
the seam disturbances almost throughout this entire shell.

A similar beneficial effect of the pressure on the imperfections is
shown in the plots of values of A (i)q co-responding to six circumferenti.al
positions of Specimen G-8 is given in Figure 15. The overall effect of re-
ducing imperfections is evident. The base line about which the A (i) 8
are plotted is the straightened -out longitudinal of the mean imperfect shell
which corresponds to the same circumfererntial location.
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In Figure 16 plots of the x1 and y. components of the centroids of
Specimen G-8 aboutithe axis of the reference perfect cylinder (axis 'of
rotation) are ahown. The plots indicate an overall lean of the shell from
the top to the bottom. The effect of greater internal pressurization is
not evident and in fact the centroidal displacement for the pressurized
shell (.0055 in.) is greater than'that of the unpressurized shell (.0038 in.).
This fact is not unreasonable, however, when one considers that the
method of pressurization employed is such that essentially no axial force
is introduced into the shell wall by the pressure. -' oo o o

5.5 Descriptive Outline of Tests

The tests that were conducted under Phase I are described in
Table 1.

5.6 Resu'ts

5.6. 1 Pressurized Cylindrical Shells

The accelerometer record obtained from this test is shown in
Figure 17. The first and second peaks of deceleration which characterize
the response are 80 and 58 g's, if the mean of the oscillations is taken.
Equating the deceleration force to the resistance of the shell, the average
axial stresses corresponding to these are 26, 300 and 19, 100 psi re-
spectively, the duration of the peaks are 400 and 800 seconds, respectively.
The gradual rise in deceleration at the beginning of the trace and prior to
impact on the shell is due to the effect of the pressure bag which protrudes
above the shell end.

Test No. G-Z

The axial strain records obtained from the three pairs of equally•
spaced gages located at the mnd-length of the cylinder were remarkably,
alike during the initial rise and fall bf the first peak. These are shown
in Figure 18. The average peak axial compression stress and average
time to reach the peak were 26, 700 psi and 560p sec. Subsequent to attain-
ing the peak, the strain rapidly falls to a tension strain of 9300 psi at a
time of 850 jisec. Thereafter, the strain fluctuates at a mean value of
approximately 20% of the peak value.

A record of the deceleration history was not obtained due to a
cable failure. The value of deceleration deduced from the ave:rage peak
strain is 162 g's.

Test No. G-3

The strain records obtained from this test are shown on Figures
19 (a) - (c). As in the previous test results the strain records from the

22



TABLE I - DESCRIPTION OF PHASE I TESTS

k Shell Type Vo q impact U

s - ais Condition Conditions

Cylindrical -. 008 11.5 8.5 Vertical Impacted end: free;
in. wall thickness - Opposite end: clamped
Cylindrical -. 016 11.5 17
in. wall -chickne as 11.5 34

23 17

23 17

23 17

23 34

11.5 17 Impacted end: free-
supported

-- -, Opposite end: clamped
Cylindrical - . 008 16. 7 0 Vertical pacte en : supporte ;
in. wall thickness Opposite end: clamped
14 in. length Oblique(A)

80

Cylindrical -. 008 16.7 0 Oblique(A) Impacted end: supported;
in. wall thickness 120 Opposite end: clamped
14 in. length 160

Oblique (B)
80

120

Conical - . 008 in. 23 8.5 Vertical Impacted end: free
Wall thickness 9 Opposite end: clamped

23 8.5

23 17

46 8 . 54
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"three pairs of gages are.much alike. This fact is an indication of the
uniformity of the impact around the circumference of the struck end.
Again considering the average of the three records, the peak axial corn-

6pression stress and the time to the start of the rapid decrease in stresso
are 28,600 psi and 570 Isec. This stress is 7% higher than that of Test
No. G-2 for which the internal pressure was half that used in tlis test.
Similiar to Test No. G-2, the strain fluctuates after the initial peak falls
through zero and has an average value approximately of 27% the peak
value. Photographs of Specinmens G-2 and -3 are shown in Figure 20.

The accelerometer trace obtained in this test is shown in Figure 21.
It has a peculiar appearance, with a number of smooth horizontal lines
that are separated by sharp rises in deceleration. It was determined
that this erratic behavior was due to a faulty cable connector which pro-
duced intermittent short circuits. The deceleration history was deduced
from the average of the three strain records and this was superimposed
on the measured deceleration history. This comparison is shown in
Figure 21, where the overall agreement between them is evident.

Test No. G-4

The strain records obtained from this test are shown inFigures 22
(a) - (d). As is evident, the magnitudes of strain are much smaller than
those of the previous tests. Study of the high speed motion pictures obtained
during this test showed that the head impacted the shell unevenly. Buckling
initiated locally at the place first struck by the impact head. The axial
strains are considerably smaller than those for the symmetrically impacted
shells even though they were struck at one half the velocity of this test.
This is due apparently to the "fanning out" of the stress from the region
initially str-ck, thereby diminishing in magnitude. During the subsequent
time over which substantial crushing of -the shell takes place, the strain

adoe a not rise to the levels of the previousotests. This may indicate that
asymmetrical impact on a shell may, not result in the high initial resistance
which is typical of syrnrnetrical impact.

Test No. G-6

This test was a rerun of Test No. G-4 which suffered an uneven impact.
The axial strain records for three equally spaced pairs of gages located
at mid-length are shown in Figures 23 (a)-(d). The initial peak stress and
the time just after the peak is attained are 24,700 psi and 260 1jsec.,
respectively. The atress is somewhat lower than that of Test No. G-2,
which had the same value of internal pressure but one half the impact
velocity. The time at which the stress begins to fall, however, is slightly
less than half that of Test Nc. G-2. In a generally similar way to the
previous tests, the stress rapidly falls from the initial peak, through zero
and into a relatively low value of tension aud thereafter (at least for
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ligure 23 (a) and (c)) fluctuates. I n the record of Figure 23 (b), however, two
iry high peaks are present the first and second of them showing strains of 4700
kt .00112 sec) and 4500 pin/in (at .00168 sec.) respectively or an average of
,92 times the initial peak. The reason for this behavior may be that the shell
arst apart after initial buckling occurred. 'The rupture extended over the entire
rngth of the shell, following the seam. The bonded seam was intact, however,
ad the metal appeared to have ripped apart following an initial tensile rupture.
is not thought at this time that these peaks are significant as far as the buckling

chavior per se.

This conclusion is strengthened by the deceleration record obtained dur-
ig this test, shown in Figure 23 (d). At the time at which the peaks occur there

no indication of an increase in axial resistance. On the other hand the deceler-
tion trace agrees well with the strain data. This shows an initial peak occurring
t 260 psec, agreeing exactly with the peak strain (average of three records).
i addition the time at which the peak positive acceleration, 540 14sec, agrees
cactly with the time at which the peak tensile strain occurs. The time of occur-
mrce of the second peak also checks well from the two types of records.

Test No. G-7

This test was a rerun of Test No. G-5 (not reported)in which the instru-
ented wat triggered prematurely. The strain records are shown in Figures Z4

(, (b), (c), and (d). The average values, taken from three circumferential
Lirs of strain gages, for the initial peak stress and corresponding time are

., 900 psi and 250 Issec respectively. The stress is 11% lower than that of test
o. G-6, despite the fact that the internal pressure in test No. G-7 was twice as
gh (34 psig) as in test No. G-6 (17 psig). The record of the deceleration, shown
* Figure 24d, is in agreement with the strain records.

Test No. G-8, Effect of End Constraint

Due to the fact t"at under axial impact loading the shell buckles at the
ids, principally the impacted end, it was advisable to study the effect of sup-
)rting the impacted edge on the shell response. All of the experimental in-
.stigations performed during this program had utilized a fr~e edge condition
S the impacted end of the shell. The only constraint imposed on the edge was
e friction between the shell and the impact head. Thi. condition had
-en chosen because it was desirous to permit the shell to deiorm under the
ipact in its most natural manner 'w'ithout forcing it into a particular mode of
formation. Measures were taken to maintain this condition even for initially
'essurized shells, and especially so in this case, aince it was desirous to pre-
nt the initial deformations which an end cap attached to the shell would produce.
ie chain supported pressure bag technique was developed, therefore, to accom-
ish this.

In order to determine the effect of end constraint, without getting involved
th a large experimental scatter, it was decided to utilize an internally pres-
rized shell. Since it was desirous here also to avoid initial deflection due to
e presence of an attached end plate, the shell specimen was set up with a
Dsely fitting circular end plate. To this plate a pressure bag was attached
d the plate was supported by the centrally mounted chain. When the shell was
the pressurized condition the plate was flush with the top of the shell, as shown
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in Figure 9. The effect of the plate, was to restrict inward lateral defor-'-
mations of the shell at the impact end. The shell, however, was free to

,expand andlor deflect outwardly.

The testowas arranged so that the, results could readily be compared
'with those previously obtained from Test No. G-2. 'The impact velocity .
was, 11.5 ft/sec and the internal pressure 17 psig. The shell, .016 inch in
thickness, wao instrumented with axial and circumferential strain gages, all of
which were mounted in back-to-back pairs. They were mounted at two axial
stations|- one within two inches of the impacted end and another eleven inches
behind the impacted end.. At this latter station were three gage pairs equally
spaced about the circumference and two other pairs, one circumferential and
the other axial, mounted as close as possible to each other.

The results showed that the end restraint is very important and greatly
increases the resistance to buckling. This conclusion is presented via the test
data.

The axial strains measured at three mid-length positions and one forward
position are shown in Figures 25 a, b, c, and d respectively. The mid-length
strains have peak values of 3340, 3060, and 2340 p in/in and the peaks are attained
simultaneously at 600 Issec. The discrepancy between the three peak values may
be due to a non-flat impact condition. The average value is 2906 Is in/in. The
corresponding values obtained from test No. G-2 are 2520 it in/in and 560 gssec.
The strain shows an increase of 15%.

The strain measured at the forward gage position (Figure 25d) rises to a
peak value of 3760 A in/in at 600 psec and then abruptly decreases to a low level.
This behavior is similar to that obtained from the mid-length gages. A measure I
of the effect of the end constraint on the shell response may be obtained by com-
paring Figures 25d and 24e, the latter being a record of a forward axial gage
from Test G-7. In this, the strain rises rapidly tu a peak of about the same
magnitude as those obtained from the mid-length gages of Test No. G-7 (see Fig-
ure 24). The strain then falls to a low value at about 200 psec whereas the mid-
length strains do not fall to similar values until 400 psec. This rapid reduction
of strain in the forward end of the shell is due most probably to local collapse of
the edge. Asimilar behavior is evideint in Figure 2Zd, obtained from°Test No. G-4.

Specimen G-8 is not available because it burst apart along its longitudinal
joint during the latter stages of the impact. Examination of the deformations at
the impacted edge show that, restrained by the end plate, the shell must collapse
by bending outward and then inward, whereas without the plate, the edge merely
bends inward. This supports the conclusions drawn from the strain data.

Summary of Results

The results of the pressurized cylinder impact tests are summarized in
Table 2.

The tests performed at the lower velocity of 11.5 ft/sec in which strain
gage instrumentation was the main measurement device, were very satisfactory
both with regard to the quality and interpretability of the records. The beneficial
effect of internal pressure on the shell instability stress is observed. The meas-
ured 7% increase in the buckling stress of specimen G-3 (34 psig) over that of _-2
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TABLE 2 . PRESSURIZED CYLINDRICAL
SHELL TEST RESULTS

at 0 q h VCr C1.. tcr nflS,/,ec psi ... in. pot . acl, ac pse
11.5 8.5 .008 19,100 .643 1.067 .530 ... 6

2 11.5 17 .016 26,700 .450 .745 .461 560 5

3 11.5 34 .016 28,600 .482 .799 .530 570 5

4 23 17 .016 --- --- --- --- --- 5

6 23 17 .016 24,700 .417 .690 .461 260 -

7 23 34 .016 21,900 .370 .612 .530 250 ---

1 11.5 17 .016 39,800 .672 1.11 .461 600 e

B 11.5 17 .016 30,800 .520 .860 .461 600 i

(1) Reference 2

psig) is low compared to the 15% increase predicted by Thielemann (Ref. 2)
statically compressed shells of equivalent pressurization (see column headed

facl) but considering experimental scatter, the observation was significant.

More significantly, the ratios of ucr/iYcl are consistently greater than
ratios of p/aYcl, thereby indicating that the gain in buckling stress due to
effect of impact loading can be considerable.

s. 2 Pressurized Conical Shells

it No. C-3 C

The shell was instrumented with three axially oriented opposite strain
:e pairs equally spaced around the circumference at a section 11 inches
m the impacted end. Mounted along the same generatrix as one of these were
other two pairs of axial gages, one located 2 inches and another 20 inches
m the impacted end. The shell was pressurized to a pressure of 8. 5 psig and
wcted at 23 ft/sec. The strain records obtained are shown in Figures 26 (a)
:e). The initial response of the mid-length gages (Figures 26 (b), (d), (e),
inches from the impacted end) show an initial rise of 467, 490, and 449 A in/in
.owed by an abrupt rise at 868, 915, and 8Z6 p in/in respectively. These
ues indicate a fairly good symmetry of the initial impact. Shown in Figures
a), (b), (c) are the strains corresponding to the three axially aligned gages
the forward, middle, and rear gages respectively. The average of the forward
tions of these curves (from initiation to the time at which the strain falls to or
illates about zero) show the following values: (a) 355, (b) 271, (c) 177 Ain/in.
s values are the average of the portion of the faired deceleration trace be-
en the initiation of impact and the time at which the faired curve attains a
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zero value. The faired curves are si.ilar to those shown in Figure 31 and dis-
cussed later. The average values represent the average loading sustained by the
sBhell during the first stage of buckling and collapse. It was desirous to see
,whether ratios of these values corresponded to the ratios of the appropriate radii
of the'respective sections/.° Thesde radii and their ratios w .refio;nd to be: o

RF = 2.09 in., RM = 2.84 in., RB = 3.60 in.

where RF RM, -And RB are the radii of the forward,' middle, -and rear gage lo-, -
cation sections

RM RB R
= 1.36, B =1 .72, = 1. 26

F F M

The strain ratios are:

= 1.31, B 2.00
IM CB

Under static load, tF/ M = RM/RF and c = RB/RF. It is seen that although
CF and CM approach this closely, the values C iF and CB do not.

The regularly oscillatory character of the strain records is evident.
These- are thought to be due to longitudinal vibrations perhaps caused by the
snapping action of buckling formation. From high speed motion pictures this
action is seen to be quite violent.

The specimen ruptured after collapsing about eleven inches in a very
orderly manner. The rupture was due to seam failure. The collapse pattern
consisted of sixteen axial waves and 5-6 full circumferential waves.

Test No. C-4
Spc e C eted und- <the same conditions as the previous case,

cbntained three axial pairs of gages equally spaced about the forward section
(R = 2. 09 in.) with two other pairs axially aligned with one of them. The re-
cords are shown in Figure Z7 (a) to (e). The initial peaks of the forward strains
(Figures 27 (a), (d), and (e)) are 825, 993, and 1156 1 in/in indicating only a fair
loading symmetry. Despite this, the specimen collapse pattern was very orderly.
The middle section strain (Figure Z7 (b)) has an initial peak of 540 is in/in fol-
lowed by an abrupt increase to 854 p in/in. As in the previous tvst, the time of
occurrence of this second increase is about equal to the time required by the first
strain wave reflected from the rear end of "ae shell to reach the middle gage
position.

A comparison of the records of the three axially aligned gages is shown
in Figure 27 (a), (b) and (c). The general similarity with the corresponding set
from test no. C-3 is evident. Taking the average of the first portions of these
records as was done for the previous test, the following values are obtained:
(a) 423, (b) 318, and (c) 276 p±in/in. The strain ratios are:

1.33, - =.53
M TB
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4. again the values of IF and CM are close to the proportion required by a
4c loading condition but not that of cB"

Specimen C-4 also ruptured during the impact but as usual, the rupture
.. ured well after the effective test interval. The collapsed portion displayed
)rderly pattern of 5-6 full circumferential waves.

t No. C-6

Specimen C-6 was tested at an impact velocity of 23 ft/sec and under an
W.1 internal pressure of 17 psig ard was instrumented essentially in the same
mer as specimen C-4. The strain records are shown in Figures 28 (a) io (d).
S initial peaks of the forward strains (Figures 28 (a), (b), and (c)) are 1132,
3, and 1253 p in/in and indicate a fairly good loading symmetry, provided that
unexplained excessive peak of Figure 28 (a) is neglected. Of greatest interest
Figures 28 (a) and (b) which show well defined peaks and trcughs. Their re-
onship to the buckling mechanism will be discussed later. These peaks are
stantially higher in strain than any of the values obtained in the previous tests
are a result of the higher pressurization of this test.

Specimen C-6 also burst due to a seam fail 2re and its failure time is
cated on several of the strain traces. The collapse pattern definitely showed
effectiveness of the internal pressure in both its orderliness and higher num-
of waves, nf = 6-7, as opposed to 5-6 of the lower pressurized shells. The
apse pattern of specimen C-6 is shown in Figure 29.

tNo. C-1

Specimen C-I was instrumented in the same manner as C-3 and was sub-
ed to impact at a velocity of 46 ft/sec with an initial internal pressure of 8. 5
:. The three records of the gages located at the mid-length positions (Fig-
P 30 (b), (c), and (d) have initial peaks of 902, 864, and 875 is in/in which re-
lent a good loading symmetry. The initial peak of the forward strain gage
.e, Figure 30 (a) has a value of 1509 ps in/in which is higher than all other
floss corresponding values except for one cf the forward gages of test No. C-6
ure 28 (a)). In addition, the broad, well defined peaks of Figures 30 (a) are
restingly hIgh, the higher being 1257 'A in/in.

The specimen collapsed in a very orderly manner and had from 5-6 full
umferential waves.

ical and Postbuckling Stresses

Study of the strain records and the collapsed specimens from the standpoint
,tempting to underst.nd the mechanism of buckling and collapse produced fruit-
,esults. At first, it was not evident what the significance of the initial peak
in relation to other portions of the strain records. The distinct peaks and
ghs of some of the strain records stimulated study of their significance. It
asked whether these could be the successive stages of buckling and collapse
were described originally in Reference 8 and which have been seen many
!s in high speed motion pictures of shells buckling under impact. It was found
the length of the collapse waves in the actual specimen corresponded to the
ince traversed by the impact head moving at the test velocity. For example,
)ecimen G-3, there were sixteen complete axial waves or stages comprising
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the collapsed region, these extending through I I inches of the initial cone.
Hence the average length of these waves along the slant direction is . 69 inch.
A% Vo = 23 -ft/sec, th time taken by the head to move through this distance is '
about . 0025 sec. Ac ounting for the thickness of the shell and the radius with
which the actual collapse waves bend over on themselves, the actual distance
through which the head moves in collapsing one full wave is .59 inch and the
time .OOZsec.ý' In F.igure 31 strain traces corresponding to forward gages and
representing all the tests are shown replotted. Minor oscillations have been
smoothed out in order to detect the basic form of the strain variations. In all
cases, the initial peak has been retained because it represents the first loading
wave that enters the shell and is significant for initiating buckling. - -

In Figure 31 (a) and (b), tests (Nos. C-3 and -4) performed under the same
conditions, the curves are very similar except for magnitude. In both cases,
after the initial peak, the strain rises slowly to another peak and decreases to
zero or tension. These are followed by another similar peak. The duration of
these pulses is .00Z sec. The higher pressure test (No. C-6) is represented by
two different forward traces, in Figures 31 (c) and (d). In each curv'e the pulses
follow one another and are shorter in duration than those of Test No. C-3 and -4.
This is in accordance with the fact that the number of waves in Specimen C-6 is
6-7 and therefore the: collapse length is correspondingly smaller. A further
verification of validity of this interpretation is given in Figure 31 (e) which cor-
responds to Test No. C-I performed at 46 ft/sec. The pulse times are close to

001 sec, half the tirres of those for Test Nos. C-3 and -4 which were conducted
ýor the same internal! pressure but half the velocity.

From this, the strain trace can be explained completely. The initial
pulse causes a buckling failure at the free edge in a very short time. This is
the initial response of the shell to the impact. Thereafter, the triangular buck-
iing mode begins as the impact head bottoms on the relatively undeformed por-
tion of the shell. This occurs during the rise of the long pulse. As the buckling
deformation increases, the stage progresses into collapse thereby causing a re-
duction in the strain. i This process proceeds for each buckling stage. As the
impact proceeds further and further along the cone, the peak values of succes-
sively later stages of'buckling can be expected to change, probably to increase,
as the involved section increases in diameter. The initial and postbuckling
strains and loads as obtained from the forward strain gages are given in Table 3.

-,The buckling loads, Pz are determined from the strains by means of the relation-

2ff RF Eh
P -=

cos y

5. 6. 3 Oblique Impact

A series of tests were performed to evaluate the behavior of cylindrical
shells under oblique impact. Two series of tests were/made: Series A - the
shall was dropped vertically on to a horizontal surface/ with its central axis initi-
ally constrained in a non-vertical attitude; Series B - the hell was dropped -

vertically, with its axis initially constrained in a vertic'I attitude, onto
an inclined surface. In each case, the rear end of the 'shelL-was clamped
to a circular plate and the front end was supported by a circula >-p•ate.
The specimens had a diameter of 5. 716 in., a length of 14 in, a thi s-of

.008 in, and were made of 5052 H-38 Aluminum alloy. The uns lengthL
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TABLE3- PRESSURIZED CONICAL SHELL TEST RESULTS.

PPoatbuckling
Rt Initial First Stage Second Stage Third Stage j
o. 4 P 4 P 4 P P

o in/in lb. in/in lb. in/in lb. in/in lb.'

.3 818 915 448 501 448 501

.4 975 1090 737 824 863 965 ... -. .

.6 1250 1400 1120 1250 1280 1430 1760 1970

.6 1090 1220 1320 1475 2070 2300

I 1550 1730 1153 1290 1073 1200 1340 1500

the shell was 13 in. The weight which the shells had to decelerate was 47.2 lb
d was dropped through a mean height of 52 in. Four shells, comvrising series
are shown in Figure 32 after impact at an axis tilt angle of 40, 8 , 12 and 160.
nilarly, the three shells of series B are shown in Figure 33 after impact with
rface whose plane was oriented from the horizontal by 80, 120 and 160 (left to
,ht). On the left of these is a cylinder vertically impacted in the same apparatus.
all cases the shells had zero differential pressure at the beginning of impact
Scontained no venting provisions.

In general the collapse modes of the shells were orderly. The shells
series A tended to undergo the buckling on their opposite end by virtue of bend-
under the impact moment about the upper clamping plate. This tendency in-

tased with the angle of obliquity. At the impacted end the collapse was confined
ry locally to the region of collapse. The very opposite was true for the shells
series B.

At least with regard to the orderliness of the collapse, which used up
)ut 40% of the shell, the cylindrical shell appears to have an acceptably wide
erance to oblique impact.

Inextensional 3uckling Configurations

For inextensional buckling under axial compression it is required that
axial shortening of the shell be produced by a bending of the surface about

aight lines in such a way that extensional strain in the middle surface is zero
:rywhere. We consider first the overall inextensional buckling configuration
the conical shell and show in Figures 34a and b the horizontal and vertical

ws respectively of the initial and buckled configurations. The conical frustum
S a semi-vertex angle of y and upper and lower bases Ao and C respectively
[ch are assumed to be free of lateral restraint. The buckled configuration is
)resented by nf circumferential waves and one axial wave, although any number
Lxial waves may be considered as well. As a result of buckling, circular
tions like A, B, and C become regular plane polygons of unchanged perimeter.
"-eral vertices of thes3 polygons are shown at j, k, 1, and m for circle A and
-i, o, and p for circle B, in which the straight line segments between adjacent
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vertices are equal in length to their corresponding arcs. The polygorns having
the same perimeters as A, B and C are shown at stations a, b, and c respectively.
The positions cf the original circles on the buckled surface are shown b, he cur- j
ved dashed lines in Figure 34b. Plane triangles are formed by connecting adjacent IVertices and hence the entire buckled surface consist- entirely of plane triangles.

A buckle wave is defined as a set of two adjacent triangles whose common edge
is a side of the cross sectional polygon. These common edges form the inner
foldn of the pattern (i. e., they occur at concave intersections) and are indicated
by the dashed straight lines. The other common edges, indicated by solid lines,
form the outer folds. From Figure 34 it is evident that some triangular sur- -

fuces slope in the direction of the conical slope y (those labeled +) while others
slope contrary to y (those labeled -).

In Figure 35, a layout of the buckle pattern on the conical blank is shown.
Here the circular arcs are the layout of the line of intersection of cross sectional
planes A, B, and C with the conical surface, and have a common center at the
apex of the cone. The radial distances r and r' correspond to cross sections A
and B respectively. The radius ro is that of an arc which is tangent to the sides
of the polygon corresponding to section A; this establishes the position of section
Ao shown in Figure 34.

+ i
For inextensionality, t, and -. must remain unchanged in the initial and

buckled configurations, and in additionty = ITD/Znf (nf= Z, 3, 4.. ). Referring to
°Figure 34b, the unit axial shortening, (, due to the buckling of a half wave length
region adjacent to the end of the cone is

+ +tx cos Y- ,x cos (y+ a)
+

•x cos Y
(I)

= 1I- cos (Y+ a)
cos 7

-From Figures 34a and bo)

cos (Y + a) = + ( ' D )

where

6.= I , -. cot

(3)
D

f sin

and D, D are diameters of sections A and B respectively.
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0 C÷

Substituting Equations 2 and. 3 in Equation I yields,

sini

'here K+ It the aspect ratio of the (+) surfaces. The diameter ratio

"/D may be determined with the ai'd of Figure 35. It is readily seen that
It+ zrl r g h'= r' - r + g + 1' 5)

-here

,: ( ..r., _..co~
D ag sin ct 7

0 f

D I=

Di

Ybstituting Equation 6 in Equation 5 and rearranging,

sin

T-Ef: s in O0/(6)

+ D I.

= 'Z" 2"~ + cos 2

D I e
a -MY2ZcoZ(

•ae relation for in terms of the K"., n •.4d "y is obtained by inserting Equation
') in Equation (4): re

+ D1 2(l
cos TniF in a WB2~s

1 si - (os 18)in Eq at on ' -- (4)n: '--. -

nfl
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If V : 0 (cylindrical shell),

coo

"°sin

(8a)

I I-K-ZtanZ nVa
f

where K+ = KX K, the single aspect ratio of the cylindrical shell. Equation
(8a) agrees with the relation given in Reference 8.

The aspect ratio of the (-) surfaces, K" = C ft - may be obtained with
the aid of Figure 35.

4 t x "(g + go+ h+ h)19

where

g D cot

- ) (10)

Substituting Equation 10 .and the first two parts of Equation 6 into Equation 9,
yields

or C

4t
S+ D' 1 Cos 11))

sin 7

By inserting Equation 7 into Equation 11 the following result is obtained:

8x + e. K+ D'
+= cosy K sin = KZ 73
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Cos1 || sin.I

is determined from Equation (4) in terrnr of ,E n, and Y.

a] [,(. ,)co. s] -

-'.(1 3 )
Cos COS-

flf

7. 1 Prismoidal Shortening Patterns

For the cylindrical shell (referring to Equation 8a). if K = 0, (= 0 for
L values of n. This is not the ca.e for the conical shell, for if the value K+ = 0
inserted in Equation 8,

1 =1 -1 (14)

Le corresponding valuc of K" as obtained .from Equations 7 and 12 is

K-= tan 7

d it is noted that the corresponding diameter ratio

D•. w as k+-as 0

' W 
+The pattern for K 0 is shown in Figure 36a as it would appear for a

.ed value of A,, The fact, previously noted, hcwever, that the diameter ratio
/D------ - for this case, means that ty = 0 for any finite value of
* The pattern for K+ = 0 hence transforms the initial conical shell into a
gular conical prismoid. In this configuration, shown in Figure 36b, all (+)
rfaces have vanished, leaving only (-) surfaces whose sides are formed by the
dial lines which divide the plane blank of the cone into n sides. The prismoid
formed merely by folding along these lines.

7. 2 Total Collapse Configuration

The aspect ratio for the total collapse pattern ( = 1) is:

sin-- - sine

K+ nf 7  (16)
coso - coS'-n
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n1 I

The aspect ratio K" for the total collapse pattern is obtained from Equations
12 and 14:

sin sin Z

[ D '71 nf=E(i )

The ratio of the two aspect ratios is:

_n 9~o( V (19)
DO S c o-I C O S - -

nf

The ratio K+/Kranges with Y as follows:

K+
-- =1, for y .= 0 (cylinder)

= 0, fory= (flat plate)

Since K+ (for 7 = 1/2) • 0, therefore K"--- as the cone angle increases.
Thus, with increasing cone angle the portion of the buckle wave of the (-)
surface becomes increasingly smaller with respect to that of the (+) surface.
5.• L "Profile Characteristics ..

The characteristics of the patterns may further be defined by consider-
ing the profiles of (+) and (-) planes with respect to the generatrix of the cone.
Referring to Figure 37a the (+) pline IBJ and the (-) plane KBL intersect the
generatrix GG' about which they z *e symmetrical at points E and F respectively.
The centerlines AB = t+x containing point E and BC = -x containing point F of
(+) and (-) planes respectively lie in the plane containing the generatrix and the
cone axis, due to symmetry. Since the line segment IAJ lies in the same plane •
as the conical cross section SI, the extension of the radial line OA passes thro-It
point D on the generatrix. The develTpment is similar for point H. The profile
view in the radial plane OO'GG' is shown in Figure 37b. The angles between the
generatrix and each of the lines AB and '? are a and 0 respectively. Point P,
at the foot of the perpendicular from point A to the generatrix is the origin of
coordinate axes U and V respectively along and perpendicular to GGI. Taking
the points M and N as the feet of perpendiculars to GG' dropped from points B
and C respectively, let Wo = PA, V 1 = MB, WZ = NC, and U(o) = PE. The
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iation of the centerline' AB of the profile of the (p)plane is simply (the barred
2s are divided by D):

(!~tan* -Tco$7 0:6V: o U 'Ul
I of the axially adjacent (-) plane

V WI -t tan 0

Sre a Is obtained from

sin-
nfl

10 from

o.-n
sin(y- Y - I)

sin os sin~

In Appendix A values of W1 , W2, U(o), a, 0, K+ and K" are given for
ious cone angles, wave numbers, and end shortenings. From these q, anti-
1, the asymmetry of inextensional patterns can be found by plotting on a graph.
- precise definition of these patterns for cones has not been known heretofore
it is hoped that this can contribute to the formulation of more accurate de-

:tion functions in analyses of buckling conical shells. As pointed out later
se patterns, especially the total collapse patterns, are physically realistic.

.4 Construction of Inextenslonal Patterns and Comparison with Experiment

The exact inextensional buckling pattern for a conical shell having any
tex angle and wave number and corresponding to any degree of end shortening
r be constructed easily by first laying out the conical blank similar to Figure

The total angle at the vertex of the plane pattern is equal to nf 9 = Z V sin y.
ing D as the diameter of the upper (smaller) circle of the conical frustum, the
er arc is drawn about the vertex with a radius r = (D/Z) (I/sin y) and divided
nf equal segments. Radial lines are drawn from the vertex to the points of

sion of the arc and the quantity "h" laid in. Straight lines joining the extremi-
of 'h" form the lengths 2 ty, which are then bisected, and radial lines from

vertex are dravin through the points of bisection. The length tL+ = t./K+,
re K+ is obtained from Equation 13, is layed out along the lines biseŽting
,according to Figure 35. The extremities of the 2 t y segments are con-
ted to the extremities of the t+ segments, thereby forming the first row of
triangles. The (-) triangles in the first row are obtained merely by con-
:ing the extremities of the t+ lengths with straight lines. These latter lines
equal in length to 21y, which can be checked by computing the ratio D'/D
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fro m Equation (71 and determining •y= (D'/D)ty. The Value of •x Is then found
by applying the relation C+' = 9ys K+ and the second row of the triangles is ob-
tained, and so on. When txhe pattern has been completely laid out in the plane,
folds are made along all diagonal lines in the same direction and folds in the J
opposite direction made along the° 2tY, ZvC, Ietc, ,-line segments. The construc-
tion is complete when the ends of the conic~l blank close on each other.

Several constructions developed from a conical frustum having y = 250
are shown in Figures 38 to 41, for nf = 5 and various values of unit end shorten-
ings.- The end shortenings are 1/10, 1/2, and 1 for Figures 38, .39, and 40, re-
spectively. Figure 38 is so oriented as to show the profiles of the plane's at the
left and right sides of the figure. Going from top to bottom, down the extreme
left hand edge are planes (+), (-), (+), and (-) while down along the right-hand
edge are planes (-), (+), (-), and (+), all in profile. The greater aspect ratio
of the pattern shown in Figure 39 over that in Figure 38 is evident. This is due
to the greater value of end shortening. The total collapse pattern of these con-
figurations shown in Figure 40 is presently the most interesting. The blurry
lines across the photograph is the edge of a shell of Plexiglass that was used to
hold the pattern flat during the picture taking and should be ignored. The total
conical surface that was initially above the plane of the pattern is contained in
the plane of the collapse pattern. The pattern consists of triangles whose
aspect ratios are substantially greater than those in Figure 39. A view of this
pattern as it appears on the inside of the shell is shown in Figure 41, in which
the array of fold lines is particularly well indicated. [

That this process is evident in nature was shown by the results of sev-
eral experiments in which thin co:ical shells of aluminum alloy were impacted
in a drop testing machine at an initial velocity of approximately 20 ft/sec. The
shells, which had the same size and shape as that used for the construction
(y = 250), were held circular at both ends and were mounted in the machine with
no provision for venting the internally contained ambient air. Inside and outside
views of the collapsed portion of one of the shells is shown in Figures 4Z and 43.
The remarkable degree of similarity between these patterns with the theoretical
patterns, especially when viewed from the inside is evident.

o This evidence would tend to support thetheory that the buckling and_
collapse process of thin shells having zero Gaussian curvature follows, an
essentially inextensional path, at least in the later stage's of large unit end
shortening.
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,. PHASE II- HIGH VELOCITY IMPACT

s, 1Apparatus

The projectile, the body that is accelerated in the gun barrel and finally
mpacts against the shell specimen, consists of two essential parts, the impact
Lead and the carriage. The projectile is shown in Figure 44 with the impact
-nd facing forward. The impact head is a steel ring having the dimensions:
,-3/4 in. OD, 4-3/4 in. ID, 1-1/2 in. length. It was cut from standard steel
nechanical tubing and its end faces machined flat. At its rear end, it is at-
ached to the carriage by six screws. The carriage is a one piece aluminum
and casting in a high impact strength grade (22OT-4). It is essentially a
tollow cylinder having a closed forward end and three bearing rir~s on which
he projectile rides through the barrel. The rings are machined to have a
iametral clearance of .003 in. with respect to the barrel bore.

The projectile was carefully designed for superior muzzle exit stability.
,his property is essential if careful alignment between projectile and specimen
s to be achieved at impact. These design features are: (a) three ring design
ives the projectile support on two rings until the projectile is out of the muz-
le by two-thirds of its length. (b) 40% of the driving pressure is exerted against
he forward closure plate, whereas most of the friction forces acting on the pro-
ectile are at the rear.

Other provisions that were made to assure good impact alignment were
djustments on the gun barrel and specimen mounting assembly. This permits
lignment before each test. The alignm,..nt is finally checked by inserting the
rojectile in the muzzle of the gun (at right) such that it rests on its rear two
earing rings, thereby protruding out a distance of 4 inches. The specimen is
xtr-nmed from the mounting assembly (at ,eft) a maximum amount until it makes
ontact with the projectile. This is shown in Figure 45, with the gridded shell
learly well aligned with the projectile. L thai normal testing position, the end
f the specimen is at the extreme left of the picture.

Another factor which contributes to accurate aL.gnment is a low exit gas
ressure. This is accomplished by a long barrel, whi-h is itself required to
xtract a maximum amount of available energy from th~e propelling gas. The
xit pressure, for instance, is only 4 psig. for a firing pressure of 300 psig.

The specimen is mounted to a solid aluminum tase which is seven inches
i diameter and eight inches long. The base contains a set of six rollers which
llow the specimen assembly to translate in its housing with a friction force of
nly several ounces. The weight of the mount (or carriage) assembly is 43 lb.

. 2 Specimens and Instrumentation

The shells used in this phase were the same as those Jescribed in section
* 2. In Figure 46 an instrumented shell is shown motinted to its carriage. It is
lamped at its rear end to the carriage by four segments of a ring (not shown) and
t the impacted end is open. The edge condition at the impacted end ip Free.

The shiells were instrumented with pairs of strain gages so wired as to
*in:el the Lending strain components. Three pairs o,ý gages were mounted
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1I01y, equally spaced about the mid4ength position. Another pair, in line with
e of the former was mounted 2 inches behind the impacted end, This instru-
:ntation scheme was used on all specimens except HV-7 which had one pair of
ges at the mid-length section and another pair Z inches behind the impacted
:1.

In addition, a Statham Model A5-200-350 accelerometer was mounted in
rear end of the aluminum specimen carriage mainly for the purpose of de-"*mining the rigid body motion of thc shcll-carriage assembly.

The shells were unpressurized and were tested without provision for
_.ting of the internal air. This latter condition was acceptable, since during

more interesting part of the measurement time, the static increase in pres-
-- e due to decrease of the internal volume is negligible.'

A simple and reusable device was employed to secure a measurement of
velocity of the projectile immediately prior to impact and also to trigger the

trumentation. This consisted of two pivoting rod units that were mounted on
, /ooden block about 6 inches apart. The assembly was mounted in- the impact

--- )aratus such that the 6 inch dimension was parallel to the direction of the
- )jectile motion and the tips of the rods were in the path of the projectile.
_-',unted in the wooden block were two piano wire sections, one near each of the

---. oting rods, just beyond the path of the projectile. When the projectile swept
the trigger assembly, the rods were caused to rotate one after the other,
reby making contact with their respective wire sections. The rods and wire
:tions were connected in an electrical circuit together with an electronic

--inter, such that the first to be struck by the projectile would initiate the
inter and the second would stop it. The second unit would also simultaneously
gger all the instrumentation. With the exact distance between the two contact
nts known and the time required to traverse the distance, the average velocity

-• the projectile at a point three inches in front of the impact end of the specimen
-3-ild be easily determined. The device functioned very well and proved to be

.h reliable and convenient.

Results

A total of eight tests were performed during Phase 2, two of which were
;--...1iminary in nature, being necessary to check out the operation of the facility

I instrumentation. In the first fully instrumented test, (HV-3) data were
- obtained due to a failure of the instrumentation trigger device. From

"fourth to the next to the last test, the system performed well. In the
t test, conducted at a velocity considerably higher than the previous

:t, data were not obtained although the oscilloscopes triggered apparently
planned and the velocity measurement was obtained. This test, however,
Ided a highly significant and long awaited result. A list of the tests per-

- :med in which velocity measurements were obtained is given in Table 4.
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TABLE 4 DESCRIPTION OF HIGH VE LOCITY IMPACT TESTS

Chamber Pressure Vo h
Test No. psig ft/sec in.

HV-3 100 1'24 .016

HV-4 100 216 .016
HV-5 100 201 .016

HV-6 100 225 .016

HV-7 110 271 .016

HV-8 225 392 .016

The facility performed according to expectations. In addition to produc-
ig very synimetical impacts and reproducibility in observed and measured
pecimen hehavior, it accomplished the dece eration of the projectile each time
a anticipated, with no damage to the apparatus. Damage to the expendable
rojectiles, moreover was held to a minimum and when the cause of the damage
as determined, the projectiles were recovered in practically reusable form.
he calculated muzzle velocity-chamber pressure characteristic of the facility

shown in Figure 47 for a projectile weighing 14 pounds.

The shell specimens were essentially similar after all the tests, except
-.aat obtained from Test No. HV-8. All specimnens were recovered essentially

itact within the buffer cylinder although som damage occurred due to a re-
.riction in the buffer cylinder which hindered somewhat the motion of the col-
.psed portion of the shell as it entered the buffer. In, all cases, however,
hatever damage that did occur was slight and did not hinder the study of the
•ecimen after the test.

All of the specimens collapsed at both ends, a behavior practically al-
ays observed in shells of similar radius/thickness ratios, but in the present
Lses, the collapse at the rear end was considerable. For example, one shell
iowed collapse at the impacted and opposite ends over distances of 11-1/2 and
inch respectively. In all cases, one or several uniform ring buckles were
:esent at the impacted end but none at the opposite end. Collapse elsewhere
as in the triangular mode with usually six full circumferential waves present
ccept in the region adjacent to the ring buckles in which the number was
ibstantially higher but difficult to count. Efforts were made to expand the /
iell in order to obtain a count of the wave number, but this has proven to be /
lite difýicuit. A presentation of the data now follows.

Test No. HV-4

The strain records obtained from this test are shown in Figures 48 and
S). 'Figures 43(a) and (b) apply to the forward and mid-length strain gage posi-
zns. The strains at both locations are seen to rise abruptly to a value of 3650
.n/in aný- rapidiv fa-ll into tension at 104 psec after initiation of the response.
20 strain pulse clearly reaches the mid-length gage after the forward g-age as
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can be seen from a comparison of their zero traces. The time delay was
measured at 40 ýi sec which corresponds almost exactlyto the time required by
elastic waves to traverse the distance of nine inches between gage positions.
After the initial peak, subsequent strain maxima do not exceed it.,

The axial half lenir,.h of the ring collapse waves present at the impacted
end of the specimen was measured and found- to be . 15 inch. The time of 104
psec previously noted, corresponds to a projectile displacement of . 270 in be-
yond the initial impact position, which is almost twice the half length of the col-
lapse wave. Hence it is established that the first strain pulse shown in Figurer 49
corresponds to the initiation of instability of shell in the ring mode and further

to the progression to total collapse in the ring mode of tie initial instability.
Furthermore, it is clearly seen that the instability occur. at a time close to
24 ptsec. after impact which is about one fifth the time required for an elastic
stress wave to arrive at the rear end of the shell. These data strongly sub-
stantiate the mechanism of buckling described in Reference 8.

The time duration of several adjacent strain pulses in Figure 49 is the
same as that of the initial pulse. This suggests the formation of additional ring
buckles adjacent to the initial one. This is fairly well evidenced in the specimen.

The initial peak strain value of 3650 u in/in is the highest obtained
during these studies. The highest previous strain value of 2140 A in/in
was obtained in an aluminum shell of similar dimensions but of half the
present wall thickness, impacted at the 46 ft/sec.

Referring to Figure 49. which shows the strain at another mid-length
gage position on a 500 p sec/div. time scale, it is seen that the character of the
strain variation is changing by about the time of 750 14 sec. (Figure 48(b) shows
this time to be about 500 p sec. ) Prior to this time the strain is maintained at
relatively high values but at 700 1A sec it falls abruptly to relatively low values
of compression for about 500 A sec and then falls to a similar value of
tension. Thereafter the strain rises and falls in intervals ranging from 500
to 700 A sec. , It is thought that this different character of the strain corre- -

sponds to the occurrence of triangular modes of buckling and collapse.

Test No. HV-5

A plot of a faint strain trace obtained from the forward gage position is
shown in Figure 50. A much higher peak value of strain was obtained in this
test than in the previous cne, a value of 6100 pin/in. Although the reason for
the difference is not presently understood, it is noted that the strain otherwise
behaves essentially is in the previous test. It decreases to 20% of the peak
value in 100 4 sec, thereby also agreeing with the time to collapse fully a
ring buckle.

It is interesting that the acceleration of the shell-mounting carriage as-
senhbly as a rigid body, as shown in Figure 51, in no way reflects the severity
of the impact even after the substantial time of . 0045 sec.

Specimen No. HV-5 is shown in Figure 52 after the impact with the im-
pacted end upward. At this end, two ring collapse modes are evident, these
followed by triangular collapse stages.
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Test No. HV-6

Strains records obtained from test No. HV-6 show essentially the same
data as found in the previous tests. In Figure 53 the strains from two mid-. length positions have identical initial peak values of'3140 p in/in. This is lower

than the value of 3650 pin/in obtained from test No. HV-4 for a similar loca-
tion. The time at which these strains decrease to zero are in one case the
same as and in the other about ten percent greater than those of test No. HV-4.
The strain measured at the forward gage position (Figure 54) goes off scale and
is estimated at 7400 pin/in. The deceleration record (Figure 55) is quite simi-
lar to that of the previous test.

Test Nz:. HV-7

The data obtained from test No. HV-7 display much the same values and
overall behavior. The mid-length initial peak strains shown in Figure 56 are
identical at two different gage positions with a value of Z700 pin/in. This is
still lower than the previous tests, despite the higher velocity. The initial
pulse in each case decreases to zero in about the same time as noted previ-
ously. The initial response at the forward gage position (Figure 57) goes off
scale but its ,alue is at least 6500 pin/in. Similarly, the deceleration trace
(Figure 58) is quite familiar in appearance.

Specimen HV-7 is shown in Figure 59 after impact. Its greater amount
of shortening is not necessarily indicative of the higher velocity. The specimen
was fully extended from the buffer cylinder in this case, whereas in all previous
tests, the specimens were only extended about eight inches beyond the buffer
cylinder. Here again two rows of ring collapse patterns are visible. Also
noteworthy are the well formed triangular collapse patterns with rf = 6.

Test No. HV-8

In this test no data besides the velocity measurement were obtained. The
result, howevei, was very significant. It was anticipated in Reference 8 that
when the impact velocity is sufficiently high, the natural form of buckle and col-
lapse will be in the form of rings rather than triangles. This mode of buckling
and collapse, though a higher energy mode than the triangular mode, will occur
simply because it can occur in a shorter time than any other mode of collapse.
Up to the time of this test, however, the only observed ring collapse modes in
thin shells having a free impacted edge occurred largely as a consequence of
the inevitable friction between the shell edge and the impacting body. This
conclusion was reached principally because such ring modes were confined to
one or two (even at 271 ft/sec) waves adjacent to the impacted end. The speci-
men obtained from this test, performed at 392 ft/sec, however is substantially
different and is shown in Figure 60. At the impacted end there are at least six
and perhaps twelve complete ring collapse waves. The waviness out of their
plane that they exhibit is easily explainable as the effort of the collapsed ring
configuration to rid itself of the high extensional circumferential strains
intrinsic in such a configuration. Buckling out of their planes is the only path
the rings can take, once adjacent rings have formed, since the latter have
enormous in-plane rigidity. The occurrence of the rings so far removed from
the impacted end cannot be explained by friction. Neither should it be due to the
effect of internal pressure which can build up as the volume of the shell collapses
in the absence of an air ven.. This is because the rings form at the start of the
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impact process and therefore during the formation of even a number of them,
the volume aecrease is vot sufficient to produce an internal pressure large enough

-to cause them by itself.

The results of Phase 2 experiments are summarized in Table 5.

TABLE 5- HIGH VELOCITY IMPACT TEST RESULTS

Vo (cr f max tc r Principal Collapse
Test No. ft/sec p in/in p in/in psec Mode

HV-4 '216 3650 3650 24 Triangular

H%- - 201 -- 6100 -- Triangular

HV-6 225 3140 7400 55 Triangular

HV-7 271 2700 >6500 32 Triangular

HV-8 392 ...... Ring

In the above table, i cr refers to the strain as measured from the mid-
length position, at which abrupt descent from the first peak initiates;tcr is the
corresponding time. The mid-length position is taken instead of the forward
position because this is considered more pertinent to the question of the overall
load carrying ability of the shell structure.
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'. PHASE II- NON.RIGID IMPACT

Prior top conducting instrumented tests'of'shell structures impacting
nto non-rigid media, tests were performed using a relatively rigid body to
.etermine the impact forces for the case in which the impacting body does not
ndergo significant changes in length. This was done to establish a reference
f loading, inwhich all the variables due to the apparatus and instrumentation
'ould participate, and against which the subsequent measured loadings for
hell structures could be compared.

I 1 Specimens and Instrumentation

The rigid body structure, shown in Figure 61, consisted of three major
-arts: (1) a flat bottomed circular disc made of aluminum alloy, designated as
late A, had an outside diameter of 7-3/8 inches and was mounted at the impact
nd of the structure; a piezoelectric crystal accelerometer was mounted at the
iside center of the plate; (2) a circular fixture, labelled plate B, to which an

*ccelerometer was also mounted centrally, contained a contoured pin used for
olding the structure to the release mechanism of the drop carriage; (3) a thick
ailed aluminum pipe (1/2 inch thickness) having accurately machined ends.

She three parts were clamped together by means of three equally spaced 1/4
tch diameter through bolts. The entire weight of the rigid body structure,
icluding instrumentation, was 12. 21 lb.

The flat disc configuration was chosen in ordtr to obtain impact forces
tat were sufficiently high to produce buckling of the shell specimen. This con-
Lusion was dependent on the maximum impact velocity obtainable from the
rop test apparatus. Results previously obtained from high speed motion pic-
ires showed that with the drop test apparatus, very flat impacts between the
.sc and the initial water surface were obtained. Instrumented tests performed
iring this contract, however, showed that a considerable amount of variation

-,uld not be predetermined. A better configuration, which would provide suf-
ciently high impact forces, would be a spherical segment of large radius.

The shell specimen waL mounted in the same end plates A and B as used
Sthe rigid body structure, The shell was clamped at both ends to these plates
t means of circular ring segments as shown in Figure 62. Endevco Model
'Z5 piezoelectric accelerometers were mounted centrally to both plates A and
and in some tests, a Gulton Model AA 25 accelerometer was mounted to
ate A.

The weights of the shell structure we, e 15.42 lb including a . 016 in.
ickness shell and 15. 09 lb including a . 008 in. thickness shell, both with
:celerometers. The complete weights of plates A and B were 5. 32 and 9.45
respectively.

2 Outline nf Tests

,.Z.1 Sand Impact

The impact tests in sand are summa'ized in Table 6. The sand utilized
a_1l tests was dry Wedron silica sand grade 7020 having a grain fineness

-. FS )f 84,,42%
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TABLE 6 - DESCRIPTION OF SAND IMPACT Tl•STS

Impact Velocity
"Test No. Epecimen ft/sec

S-4 Rigid Body 23

S-5 Rigid Body &Z3
S-6 Rigid Body 23
S-10 Rigid Body 33
S-Il Rigid Body 33
5-12 Rigid Body 33
S-7 Rigid Body 43
S-8 Rigid Body 43
S-9 Rigid Body 43
S-16 .008 in. shell 23
S-17 .016 in. shell 23
S-19 .008 in. shell 33
S-14 .016 in. shell 33
S.15 .008 in. shell 43
S-13 .016 in. shell 43

7.2.2 Water Impact

The water impact tests are summarized in Table 7 below.

TABLE 7- DESCRIPTION OF WATER IMPACT TESTS

Impact Velocity
Test No. Specimen ft/sec

WPI-8 Rigid Bcdy 23
W-1 Rigid Body 43
W-2 Rigid Body 43

W-2A Rigid Body 43
W-3 Rigid Body 43
W-6 Rigid Body 43
W-7 .008 in.' shell 43
W-8 .008 in. shell 43
W-9 .016 in. shell 43

W-1O .016 in. shell 43
W-11 .016 in. shell 43

7.3 Results

In general, the clarity of the measured data was considerably better at
the lower than at the higher impact velocities. This is not surprisin, due to
the fact that the rate of force input associated with higher impact velocities
excites higher frequency components of vibration in the structure and instru-
mentation. By first studying the data obtained at the lowest velocity u:;ed in
the program, 23 ft/sec, the shape of the rigid body impact force curve wa5
clearly established. This served as a guide in estimating the rigid body force
curves corresponding to the higher velocities.
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In most cases of both the sand and water impact tests, buat especially
ie latter, the deceleration record of plate A showed considerably greater
a'tory response than that of plate B, a phenomenon to be expected due to
.roximity of accelerometer A to the planeo of applicationo'f the impact
es. The greatir response in the case o! water impact can be explained
ae initial elastic behavior of the water.

The data obtained from accelerometer B were ganerally clearer, espe-
": y in the tests conducted with shells, thereby permitting a ready evaluation

ie buckling load.

1 Sand Impact

a) Rigid Body Tests - The force-time records obtained from the rigid
impacts at 23 ft/sec velocity are shown in Figures 63 to 65, which repre-
three tests, namely, S-4, S-5, and S-6, respectively. These ar.. shown

Ldicate the reproducibility of the measurements and to illustrate certain
rences as well. Referring to Figure 65 the correspondence between the
d B records is evident. In addition the clarity and smoothness of the tracc

-. riking. The basic shape of the rigid body impact curve can be described i-I
:is of a rapid initial rise to a rounded peak, followed by a gradual decay.
decay portion consists cf a linear part followed by an exponentially decreas-
)art. In contrast to the relative smoothness of the records shown in Fig-
55, the traces obtained from another rigid body impact at 23 ft/sec velocity
are 63) contain regions of high frequency, high amplitude, vibration.,.
;e appear to be spurious vibrations, perhaps due to ringing of the accelerom-
, which oscillate about the mean rigid body curve. Although their cause is
Mnown, it may be noted from the similarity in the times at which they occur
,th the A and B records of Test No. S-5 and the similarity between the B
rds of Tests Nos. S-4 and S-5, that they have some detailed significance
e sand impact loading mechanism. These vibrations, however, were not
idered important to the problem under study. The curve obtained by pass-
hrough the mean of the extremes of the oscillations represents the force
,ry of a perfectly rigid body. The curves obtained in this manner from
res 63 and 64 are remarkably similar to the relatively smooth curves ob-
ýd from Test No. 5-6.

A comparison of the mean faired curves obtained from Tests Nos. S-4,
and S-6 is shown in Figure 66. The curves for plates A and B for each of
5-5 and S-6 compare very closely although conmparison between the two
shows some variatioa both with resr)ect to magnitude of the peazk value and

tine at which the peak is attained. The mean B curve of test no. S-4 agreed
st identically with that of S-5.

The average of the peak deceleration values was found to be 327 g's and
:orresponding time 972 p seconds.

Another set of A and B records, this obtained from Te,:t No. S-1? rln
i.npact veioci .y of 33 ft sec, is s)o-n in F inure (-7, T> n '.. .. e

i.terized by well defined oscillations of large arnplitude. Te in n cirve
ci throu,,gh these oscillations has a CJ ape which is similar to .. 11e oes pre-
.!r obtained from the lower velocity tests. The peak deceleration value
ned from the mean curve was close to 930/0Is and acr ..

5 s1i c onds.
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The corresponding set of deceleration traces obtained from Test No.
8.9 run at a v, locity of 43 ft/sec is shown in Figure 68. These traces, in

comparison wi th the previous ones, manifest a considerably greater degree
of"oscillation, particularlythe Atrace. The main curveis, however, readfly. •
obtained from the B trace, and displays a shape similar to the previous ones.
The peak value of the deceleration obtained from this curve was 1700 g's oc-
curring at a time of 200 u seconds.

Summarizing the rigid body tests, the trend with increasing impact
velocity is for the peak amplitude of deceleration to increase and the time to
attain the peak to decrease.

The impact by the rigid as well as the shell structure produced a crater
in the sand which was well formed and symmetrical about the axis of the strac-
ture. The crater surface rose to form a rounded lip about the crater center.
The diameter of the lip was close to 14 inches, or twice the diameter of the
front plate.

b) Shell Impact Tests - It was anticipated that when the shell structure
specimen impacted the non-rigid medium the deceleratiou of plates A and B
would follow, in the mean, the rigid body deceleration curve prior to the initia-
tion of buckling. During this time it was expected that the longitudinal vibra-
tions of the shell would play a major role in altering the deceleration curve
from that of the rigid body curve. With the occurrence of buckling, it was ex-
pected that the deceleration of the plate A would abruptly increase due to the
reduced rigidity of the buckling shell behind it. Similarly, the deceleration of
plate B was expected to reduce abruptly due to the sudden decrease in axial
force transmitted to it through the buckling shell. Thus, the time of initiation
of buckling would be detected from the traces of accelerometers A and B. In
addition the value of the buckling load could be obtained from the acceleration
of plate B by observing the value of deceleration beyond which the mearn curve
rapidly reduced. This expectation was fulfilled in all of the sheil tests.

Test No. S-16 (.008 in. shell, Vo = 23 ft/sec)
I I C

The acceleration traces obtained from this test were rather faint and
had to be scrutinized with a magnifying glass under suitable illumination. They
are nevertheless ?resented in Figure 69 for the record. The results are shown
in Figure 70 against a background of the envelope of the rigid body curves ob-
tained from tests S-4, S-5, and S-6. The dashed curve applies to the . 008 in.
wall thickness shell and can be seen to rise rapidly to a peak of 170 g's at a
time of 375 " seconds and abruptly decreases thereafter. At about . 002 sec-
onds the trace shows a sustained deceleration beginning with a value of-47 g's
and thereafter reducing to a va!,e of 25 g's which is sustained beyond . 006
seconds. This latter section of the curve may correspond to the average force
that can be sustained by the shell in its postbuckle~dstate. The behavior-of•-_
plate A on the other hand is shown in Figure 71 ig-'which it is seen that the -1-

celeration increases rapidly after an initially slow riq.- Thereafter it -api-11 %,
descends well within the rigid body envelope. Thus the ehvior of both plates
A and B agreed with expectations. The buckling load dediice rn,0m-_the record
is: P = 170(9.61) = 1632 lb. and the buckling stress: a = ll,33u s-i. which
corresponds to a value of f = oR/Eh = .394. -- -•

48



-, - ' 0 -

"C' • c ' F - F c o F•

The specimen shown in Figure 72 collapsed at the impacted A end in a
- ,ttern of 5 or 6 full waves and was permanently shortened by 18 inches. At

-a - B end there were many small permanent buckles having very small lateral
flections. `ý The nfumber Fof full waves was 16 and the pattern extended around
* half the circumference. The buckling at this end was confined to a region
thin one inch of the end clamps.

Test No. S-17 (.016in.,',Vo = 23 ft/sec) F.. o F F

This test was really the third test conducted on this particular speci-
in, all at 23 ft/sec. As a result of the first impact, no buckling was present
the shell, at least none that could be detected by the unaided eye. After the

. cond impact, some permanent buckling of low amplitude was present, indi-
+,•ting that some permanent deformations had resulted from the first impact.

"the third drop test, data were obtained and are shown in Figure 73. Since
s applies to a shell initially containing buckles, the value of tho peak de-

- leration transmitted to plate B by the shell was expected to be smaller than
It for an initially underformed shell. The greatly differing gross characters
the A and B records is evident. The faired curve of record B is shown com-

-xed to the rigid body deceleration envelope in Figure 70. The peak decelera-
n value is 415 g's and occurs at 510 p seconds. The corresponding maximum
A is 475 (9. 77) = 4640 and the stress a = 16, 100 psi. This corresponds to
.Imensionless stress, 15 of . 271. The maximum rigid body force shown in
;ure 70 is equal to 357(12, 21) = 4360# which is somewhat lower than the
xirndrn force sustained by the shell. This discrepancy reflects the fact that
rigid body deceleration envelope, based as it was on three tests, does not

,er the maximum range of variations in the impact deceleration of a flat
torned object.

Test No. S-19 (. 008 in., Vo = 33 ft/eec)

Deceleration records for plates A and B are shown in Figure 74. Here
.in the great &'fference in the initial responses of the two plates is evident.
ereas the deceleration of plate A clearly rises to a value of 3, 000 g's and
nains near thin value until about 80 p sec., the deceleration of plate B at-
is a peak of 318 g's at 200 p sec. Thereafter, it abruptly decreases and
illates about the base line until 460 p sec. after impact. The faired B
ve is shown (Figure 75) together with the rigid body curves obtained from
it S-12. The peak deceleration is 320 g's and occurs at 200 4sec. The
kling load, therefore is P = 320(9. 61) = 3030 lb. The corresponding
kling stress and the dimensionless stress are respectively a = 21, 400 psi
. = .728.

Specimen S-19 is shown in Figure 76 as it appeared after the test with
"impacted end down. At the impacted end is a fully collapsed region of the
Ctensiora1 type consisting of rows of fiveý full circumferential waves. Ad-
!nt to this is a region of triangular buckles having 10 full circumferential
'es, which can be sf 0 n in the figure. At the oposite or B erd, imrnrnately
icent to the clamped section, is a row of triangular buckles having about 12
circ-fnferential waves. In the shell away from the ends, there is no sign
tuckling or other permanent deformation. The overall shortering of the
11 is 3. 51 inches most of which is accounted for on the collapsed region -.t
irm-pacted end.
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* Test3- 14 (.016 in.,. 33 ft/sec),

Records obtained from thio test are shown in Figure 77. The pre.i-
ouuly noted great difference between the decelerations of plates A and B is

. again clearly evident. A sharp and well defined decrease in the deceleration
of plate B is shown at 400 1 sec after impact. This decrease is taken as the
indication of buckling of the shell. The peak value attained prior to the sudden
decrease is 1015 g's. which is the highest value of any consequence in trace B.
On the other hand, a significantly large peak of 4,400 g's occurs near the be-
ginning of impact in the case of plate A. The smoothed version of the B:trace
is compared with the rigid body curve in Figure 75.' The peak value of the
deceleration of plate B is seen to be 800 g' s which is comfortably below the
rigid body peak value. After the peak i. attained, at a time of 27;, p sec., the
deceleration abruptly drops and becomes zero at 410 1 sec. The peak force,
or buckling load is 7810 lb and the stress is 27, 100 psi. The dimensionless
stress, W is . 446.

The specimen shown at the left of Figure 78 shows buckling at boto ends
with a transition extensional stage at the impacted end in the early stages of
formation of a triangular buckle pattern of 6 full circumferential buckles in a
fairly advanced stage of collapse. The specimen is shorter than the initial
length by .36 inch.

Test No. S-15 (.008 in., Vo = 43 ft/sec)

The enormous difference between the responses of accelerometers A
and B as shown in Figure 79 is evident. The peak of the deceleration of plate
B, 585 g's, occurs at 190 p sec., and thereafter abruptly falls to below zero.
A smoothed curve of the above record is shown in Figure 80 together with the
rigid body curve. This shows the peak deceleration to be 330 g's which cor-
responds to a force (buckling load) of 3170 lb. The buckling stress is then
a = 22, 000 psi and"= .741.

The specimen displays a shortening of 4.68 inches, essent.Ally all of
this being due to the orderly collapse of the impacted end. Thls is shown at
the left in Figure 81. The collapsed region consists of fourteen rows of tri-
angular buckles haying 5 full, circumferential waves, There are very minoro
deformatEans in the region adjacent to the clamping station on plate B, but the
"shell is otherwise undamaged.

Test S-13 (.016 in., Vo = 43 ft/sec)

Deceleration records for plates A and B are shown in Figure 82, that
of plate B clearly showing the effect of shell buckling. The maximum peak
sustained by plate B is seen to be about 1590 g's whereas the deceleration

trace for plate A shows very much larger values, such as the 3800 and 6600 g
peaks near the beginning of the trace. The smoothed version of the initial part
of the B trace is shown in Figure 80 together with the rigid body curve. The
peak value of the force transmitl;ed to plate B is 810 g's or a force of 7910 lb.
The bucklng stress is therefore 27, 400 psi and the dimensionless value 7 = . 46Z.

The specimen, shown at the right of Figure 81 displays a number of in-
teresting features. At the impacted end there is a region of collapse in the form
of triangular buckles of seven circumferential waves and at the opposite end a
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.--- tially collapsed region adjacent to the clamping station. This latter region
a less advanced stage of collapse than that of specimen S-14 but at the

=:-:---acted end, specimen S-13 is considerably more collapsed than specimen
4. At the opposite end of specimen S-14 the partial collapse is in the form
transition configuration between an initially extensional pattern and a tri-'co

alar pattern which appears would have eight full circumferential waves when
!e fully developed. At the center length of the shell is an array o! triangular
kles in a diagonal configuration. The full circumferential wave number of
,e buckles is ten. -By far the most interesting feature of this specimen can -

" be seen by observing the inside polished surface of the shell with grazing
-dence light. This reveals that the circumferential region at which the di-
aally arrayed buckles are positioned and extending practically over the entire

-----th of the shell are extremely uniform extensional ("ring") buckles perma-
ly present. These are indistinguishable to the touch. The axial wave length
iese buckles is . 65 inch as compared with . 74 from the infinitesimal de-
tion theory. These ring buckles most probably are the first configuration
eformation other than simple compression-expansion in the evolutionary
n of deformational patterns which ultimately ends in total collapse. The
:onaily arrayed triangular buckles clea•ly result from further shortening of
ring configuration beyond the state present in specimen S-13 and in fact have
-xial wave length of about . 70 inch. This is very evident in Figure 83 which
vs a properly illuminated view of the inside surface of the shell.

The shell was shortened by . 72 inch as a result of the impact.

A summary of the results obtained from the sand impact tests is given
able 8.

TABLE 8 - SAND IMPACT TEST RESULTS

Vo h p a
'est No. ft/sec in. lb. psi a nf in.

S-16 23 .008 1632 11,330 .394 5-6 1.8

S-17 23 .016 4640 16,100 .271 ---

5S-19 33 .008 3080 21,400 .728 10 3.51

S-14 33 .016 7810 27,100 .446 6 .36

S-15 43 .008 3170 22,000 .741 5 4.68

S-13 43 .016 7910 27,400 .462 10
7 .72

2Water mpact

As previously noted, the accelerometer response to water imn-act con-
!d rn.a-1 high frequency oscillations which made difficult the problem of
n; the rigid body resoconse. Several approaches to this problem were used.
-C low pass filter with a 10KC cutoff was employed at first, ane although

.s found to be useful in clarifying the response in the lower velocity im-
3, such as 23 ft/sec, it was inadequate in the higher velocity tests. The
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difficulty seemed to be that significant information present in the form of
oscillations higher thanlOKC was not passed through the filter. Another ap-
proach was to use a high frequency oil damped accelerometer, but the pres-
once of high frequency components in the input caused considerable oscilla-
tion despite the dampirn, quality; in addition a large zero shift due to the
accelerometer was unacceptable. The best approach found was to use very
high frequency piezoelectric crystal accelerometers for both plates A and B,
and Endevco Model 2225 units were found- satisfactory. N~otwithstanding. there
remains considerable room for improvement in force measuring instrumentation
for structural impact.

The rigid body reference deceleration curve was obtained from Test No.
WZA. The records for plates A and B are shown in Figure 84. The rigid body
curve was estimated from the B record and is shown in Figure 87.

In the sand impacts, the impacting structure penetrated beneath the in-
itial plane of the surface a distance of about 1-3/4 inches. In this distance the
entire momentum of the body was expended. In the case of water impact, how-
ever, the impulse delivered to the body during the high deceleration phase of
breaking through the surface of the wat-r is only a portion of the initial impact
momentum of the body. The impact fo,. our purposes can be described in two
phases, at least from a consideration of the axial loading imposed on the struc-
ture. The first is the high force-short time interval encountered during the
initial phase of impact. As obtained from Test WZA, this is a curve having a
shape approximated by a half-sine, with an amplitude of about 1600 g's and a
duration of 400 p sec. For this example the momentum extracted from the body
is only 1/3 of its total. Following this phase is a gradual deceleration th.fough
several feet of water. During this interval, the body plows through the water
with a trailing cavity which is maintained for a considerable portion of the
gradual deceleration phase. As the body is slowed down, principally by the
drag forces imposed on its front surface, the cavity contracts laterally towards
the body and finally collapses over It. When this occurs the body is subjected
to distributed lateral loading and may readily buckle if a thin shell structure is
involved. These phenomena were observed in high speedcmotion picturen taken
during this program.

In summary, the initial impact phase contributes the major axial load-
ing whereas the cavity collapse produces a significant lateral loading. If a
structure is to withstand water entry, it must be designed to resist both types
of loading.

Tests W-7, 8 (.008 in., 43 ft/sec)

Deceleration records for plates A and B are shown in Figures 85 and
86, respectively. Again the great difference in the deceleration between the
trvo positions is evident. A faired version of the W-7 B curve and the W-8 B
curve as-is are plotted together with the rigid body curve, The peak decelera-
tions for W-7 and W-8 are 250 and 400 g's re3pectively and occur at 350 P sec
and 230 u sec. The corresponding forces (buckling loads) are 2400 and 3840 lb.
The bucklinr. stress for W-7 is therefore a = 16, 700 and -- .56Z and for W-8
is a : 26700 andI = .890.
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Specimen W-7 shown in Figure 88 left, collapsed at the impacted end
triangular pattern consisting of from 5-6 full waves. At the opposite end
rpws of triangular buckles having a full circumferential wave number of,
Oxtend completely around the shell.

Specimen W-8 has an interesting type of collapse adjacent to the clamp-
station at the end opposite the impact. See Figure 89 upper end. This may
"unt for its unusual buckling characteristics. Apparently what has happened
"Mat a cross section of the shell initially 3/4 in. away from the clamping sta-
moved 1/2 in. toward that station; in so doing, the material between the
sections folded inward and under the material immediately adjacent to the
nping station. The action can further be described as an attempt by the shell

-auckle symmetrically inward resulting in the formation of twelve full waves
and the circumference. By contrast, the collapse at the impacted end was
M. and considerably smaller than that of specimen W-7. The indication that
collapse configuration of specimen W-8 was of a higher energy mode than
of W-7 is further strengthened by the large difference between their changes

ength. Specimen W-7 shortened by 1. 64 in whereas W-8 shortened by only
Sinch.

Tests W-9, 10, 11 .

The records for plate B for tests W-9, 10, and II together with that of
e A of test W-9 are shown in Figures 90 and 91. In each case, as before,

Sabrupt change in the deceleration following a clearly defined pulse shows
effect of shell buckling. Plots of the smoothed records of plates B are
A'n in Figure 92 together with the rigid body deceleration curve obtained
n test W-ZA. The peak values of all three curves are very close to each
-r and except for that of W-l1, resemble the general size and shape of the
.r data obtained on the . 016 in. thickness shells (neglecting S-17 which was
Duckled). The curves yield the following values:

For W-9: P = 7810 lb at 360 psec. a = 27,200 psi, o .457

For W-10: P = 7410 lb at 380 psec. a = 25,700 psi, • = .433

For W-ll: P = 6620 lb at 510 p sec. a 23,000 psi, " = .388

Specimens W-9 and W-11 are shown in Figure 93 at the left and right,
'--pectively. In both cases, the larger amount of deformation occurs at the

--- acted end, which'is the lower end in the figure. It is noted that the de-
national modes of the two shells are distinctly different. Specimen W-9 has
"iangular pattern of 10 full circumferential waves, whereas specimen W-II
)lays a partially transformed ring deformation which is simlar to that of

.---,_•cimeri S -14. /.

In general., the water impacts produced less damage to the specimens
1 the sand impacts at-t•e same velocity. Specimen V4- 9 and W-ii shorten ed

- ).nly . 02 in. and . 10 in repectively as compared to . 72 in. in Specimen
2.5
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The results Of the water impact tests are sumnmarized in Table 9 below.

TABLE 9- WATER IMPACT TEST RESULTS
Voo h p 0 AL tcr

Test No. ft/sec in. lb. psi nf in sec

W-7 43 .008 2400 16,700 .562 1.64 350
5-6

W-8 43 .008 3840 26,700 .890 12 .46 230

W-9 43 .016 7810 27,200 .457 10 .02 360

W-10 43 .016 7410 25,700 .433 - -- 380

W-ll 43 .016 6620 23,000 .388 ring .10 510

i5

-c - -
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PART IL ANALYTICAL INVESTIGATION

ELASTIC BEHAVIOR OF AXIALLY LOADED CYLINDRICAL SHELLS

Reference 18 presented a nonlinear analysis of the problem of dynamic
ickling of an axially compressed cylindrical shell stabilized by constant in-

- _rnal pressure. In that investigation it was assumed that the rate of end
iortening was constant. Initial imperfections were considered and the vai-,
is deflection parameters were taken to be completely free and their values '
ere determined by an approximate solution of the equations of motion. This
in contrast to earlier work of Volmir (Ref. 5) wherein certain of these

--irameters were assumed to have the same values indicated by static analy-
• s. The ends of the shell were elastically supported which essentially im-

ies that the analysis should not be applied to extremely short cylindrical
- tells.

The present study is concerned with a different type of condition,
,mely one where the dynamic axial loading is prescribed as a function of
"me. The shell is assumed to be thin, i. e., the thickness is small compared
the radius. Further, the velocity at which the struck end of the shell moves
assumed to be small in comparison with the velocity of propagation of

,und in the material. The following analysis is based upon the use of a co-
,dinate system consisting of a coordinate x along a generator, y, in the cir-
mnferential direction, and z in the inward radial direction. The components
displacement of a point in the middle surface of the shell in these direc-

)ns are designated by u, v, and w respectively. Further L denotes the length
the shell, R the radius to the middle surface, h the wall thickness, P the
tal axial compressive force, a the mean axial stress, and q the intensity of

. ternal pressure. Lastly let M denote the mass of the object striking the
ipacted end of the shell and p be the mass density of the shell material.

We shall obtain the equations of motion of the shell by employing the
Agrange equations

- d 2Ek 2Eký arl -o(

T -W - =-+

._iere

Ek = kinetic energy of the system

II = potential energy

PL = generalized coordinates

t = time

it is assumed that initia' imperfections are present in the shell and
at they are represented by wo (x, y). The total deflection is represented by
L (x, y) and consequently the net deflection by w wi - w0 . We select for

55



WO and w, the functions

w o 'osin ofxosinnxsin 4 y+ "0 s•kn •x sin2  y

(21)w1 =g 1 + f sin axsin~y + sin Oxssin Py

where a= mg/L and O = n/R. Here m is the number of halfwaves in the
axial direction of Yhe shell and n the number of half waves in the circum-
ferential direction. Further, fo and Io are initial deflection parameters of
the shell '-hich are considered to be known. Also, gl, fl, and 0 1 are time-
dependent deflection parameters of the deformed shell. The re. ionj,
Equation (21), imply diamond shaped buckles and correspond to an
elastically supported shell, i. e., one whose ends are neither clamped
nor simply supported.

We shall employ the following approximate nonlinear strain-displace-
ment relations to describe the membrane strains in the shell:

=u ( 7i) l(aw)

C% - + 0x• "•T -•- '-1 vl(!wi)2 l(bw) 2 +(22)w

Y~ T- -f byb

where ex and Cy denote normal strains of the middle surface and Cxy the
shearing strain of that surface. We now introduce the Airy function 0 (x, y) -

of the membrane stresses. This function is defined by the relations

•X = 2

y

9v 2 (3

xy 6-Cy
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C C

where Ox and Oay denote normal stressee of the middle surface and T~xy repre-
sents the shIearing stress of that ,aurface.' In Reference IS it is 'demonstrated
that for a biaxial stress field the relations (22) and (23) rray be combined to yield
the compatibility equation

1 4 2 wl\ 2  2. W, 2 W'
- a 0 (24

2ww a2ww 01 1 a[wo (24

jvhere

4 a4.
ax a ay

.6nd E represents Young's modulus.If the Relations (21) are substituted in (24) we obtain the following solu-
ion of (24) for the Airy stress function

0 =K 1 sinx•siny + K sin3xsiny

+ K3 sin Of x sin 3 y + K4 coo 2 atx + K5 cos 2 $y

-4 K6 cos 2 £x c'os 2 y +-'K' cos 4 Ct x + K8 Cos fl

+ K 9 cos 4ofx cos 2 y +K 1 0 cos 2ax cos 4 fy

ay 2 qR 2 (5

2 Xo <(,,,
"2 " T -h yzj L.•"x,

here

(f- f (W 2  +-
K 1= 0 R 1• 1 + K 0 a

A I

+K3 s n ~ i 3 (f +1 10 00 )s 2 0•x K 5 c s22

2 ~2A
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K 3 (f 1 ",o 02

z . fo + *1 - -•o) RAT)
A5

2 2 2 2 2 2

2 2 2 2) 22

6 A 6  -

(26)
K•z =oZ .z t
7 2AK7  ;"7

(12 002) u2is2

"8 = 2A8

.2 2 2 2

K 0 = l

K9 = ZA 9 '

10

and

A1

2 2 2

(ga + .8i
A2 -~ E

A2 
2

A(az + 9B2)2
A3=

4A 16 a4
A 4
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C - -, C

1 A

26(• + 2 2z

" 256 of47 E

° - -

(27) •44
A8 = E

16 (4a 2 +0 2 2~

A? = E
ACC

216 (a + 40
A0 E

It is necessary to en"--:rce the condition.that the circuniferential dis-
lacements be periodic. From Equations (22) and (23) it is possible to obtain

BV = I a 0 a2 R, T W(28)

ibstitution o! Equations (21) and (25) into (28) and then setting the teim'rs that are °
mn-harmonic in y to zero revealsothat g, is not anrindependent parameter
it instead is a function of f, and "

The '-ý.aetic energy of the shell is given by

2 22r

Ek Z' x 0,a

.ich is equivalent to assuning that tangential displacements and their first
lrivatives are small in comparison with normal dis lacements and their
rst derivatives throughout the shell. This assumption is satisfactory if the

59



number of circumferential waves is not too small. If the buckling Configuration
21 is substituted in 29 one obtains

2 2

h ag'

"Jk= (V RL) 2 at + aft') + 3 at-

19 t (30)

In Reference 18, it is demonstrated that the end shortening of the shell
is given by

e = (31)

where

ýU a'~ .4 ~ a, + 0(32)
y ax

where V' represents Poisson's ratio.

The kinetic energy of the mass M which strikes the impacted end of
the cylindrical shell is found from Equations 31 and 32 to be

2 \r Z, 44•1
E ML U4~c\ 12~ 9

k2 2l E 2 37 + _T 'I at " 25" 13'

UZfa f .l ~a+ 3a 2 0 al 6oa (33)

3a4 a 1 a0I l+ -j- f 0 ,lT 6i-

We n-xt calculate the total potential energy. This is compored of (a)
bending energy of the shell, (b) membrane energy of the shell, and (c) the
potentiai of the ioads P and q. For (a) we employ the well-known expression
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L 29R 2D az•
°UB f , .

(34)

2 Z4 2

ax y \dxdy

vhich becomes with the aid of Equation 21

UB (I ~RL)Lifl I f.), (a, +9)

+ 0.~*), (a2 +pe)?+ (* 1 - I 0 ) (2 +

,here D Eh 3 /12 (1 -V

For (b), the membrane energy of the shell, we have

L 21TR
U = & •m[''+'yZ"Z( • -O' COxy 2)J dx dy"

~ as given by" Equation (25) i s substituted in (36) the latter becomeui
U Rh I f ( 0 ++C) 2K+ (9ar+) +K 3 cx ( 9 x)
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+ K4 1(3201) + 4 2320+ 1 zz+ z2).

(3Zp)+ K2 16W +ca40i)Z
+512 Kt 4 + 51Z K8B 2 Z( Z (37)

c8 +19 ý l~+

+÷ ,02 (4a 2 + 160)2 + 402. + R - 8 (1 + V) !?R

+h

For (c) the potential energy of the external loads is found for the
internal pressure q to be

Us if qw dx:dy (38)q Jr If R

and for the axial load to be

U = - ol(ZfRh) e (39)

Using the values of w and e given ea-lier these become

Uq q [g, (ZITRL) + Ol (ITRL)(0

1q 3 2.(1

-. (ZR [L~f + VRL+I 0 Jj +3OZ,

It is now possible to formulate the equations of motion by employing
the Lagrange Equations 20 where the Ek and it are now completely defined by
Equations 30, 33, 35, 37, 40, and 41. The first equation is obtained by re-
garding f1 as the first generalized coordinate and is found to be

I
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C~~ - -7=o

2r
+ i

2 a Is at4

f 2CC -- a a 3

(E 1 7 1 2 a t 1 ata t at

a#, " fo I "l [1 (1 1 +f CLo 2 a + I )a

+ t at 2• 1• 'a" ZoEo at at•4

(9+ + 22+(f l~ f oo la•
32 a + 0 z

+ ~ at

TT• 2(fo+ f a• 1"4 1f 4 f: ct 4. 1 01 4 (4824

2 4 2 E14 E )- 2 R Z 2 21

I

2(f o 1  1aR04

(f 2 f2 + 2 z- (f , a~ 4 E2 *Ot R a Lf

0 11 4 - 0*) 1a 8 8
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. h. second equation Is found by regarding *l as the second generalized co-
iedinat. and is found to be

-. fRLh 9 at g o*)I 48 2 1, 71)(a+ 1

2 2L 2  4  ai tla " fo a+Sa aJ a •4a1 '•' + ') 1 1 a)8+ -1t + rT-T + =2 I a a +' (aS

+ DO R~[(L) *) (a 2 +0 2)2 + 2 +04]

oT~ LP' R 0 f a •-(1 f 1 ~.. 1  22

2)

S2 a4

ff )~ 42 42a0

+1 2(f f i a 4 2z (f4

4101 0 1 1 f 0 R 2 2 2

+ (f f L 4" 4 E 1(f 4 4 4

86(4+ 8Z 8
0 2 +02 2 2 1 EL2  (L 9 O

+ (f, ). 12 + (4 + (t 3

.0 +0, R - R 1 6(4#0 . 4

+o 6 ( + 48442) 2
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Equations (42) and (43) are the governing equations for finite deflection
a thin elastic cylindrical shell subject to a rapidly applied axial loading which

Sprescribed as a function of time. Because of the-complexity of these equa-
o6ns it is desirable to proceed from this stage onward only by numerical tech-
Lques. The equations (42) and (43) are coupled nonlinear equations in the

-nknowns fl and $1 and no closed-form solution is known to exist. However,
initial conditions are specified, these two equations may be integrated nu-

iwrically by'the- Runge-Kutte method. ,We shall investigate the initial con-
Ltions

f= f

df

dt= 0 (44)

d * 
0

Sdt o • o

The numerical solutions of equations (42) and (43) have been carried
-it on IBM 1620 computer for a shell characterized by the following param-

ers and subject tz the following loading rates:

E = 10. 6x 10 lb/in2 Loading Rate, CI 106 psi/sec
dt

= 0.33

L = 22.8 in = 61.2, 419, 1419 (.008 in shell)

R = 2.85 in

S =h = 0.008 in,c0160 in -= 30.5,, 214, 708 (.016 in shell)
=c ,

fo 0 *0 = h/2

irther, a was taken equal to B, which implies a wave aspect ratio of unity.
-sults of 'hese computations are shown in Figures 94 through 103 for the
ove axial loading ra 4

-es. Since each of these families of curves contains
3d-deflection relations for a variety of values of n, the number of half
Lves in the circumferential direction, it is necessary io formulate a criterion
r selection of the significant value of n in each case. The criterion employed
that the curve corresponding to the true value of n is that one in which the
st-buckling load (characterized by a vertical tangent to the - - C curve) is
hieved in a minimum time. It is to be observed that there are in each family
;ew curves whiOc do not have any point correspornA`ng to a postbuckling load
naturally these curves are eliminated from further consideration. Also, it
to b'2 observed that the inflection point of any curve possessing a vertical
igent essentially corresponds to the dynamic buckling load of the system and
cause of the nature of the curves in any one family, that curve in which post-
ckling is achieved in minimum time is also the sam-e curve in which the in-
ction point is reached in minimum time. Also, at.the inflection point, ':he
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rate of change of load with respect to lateral deflection is maximum for the
..... curve corresponding to the true mode of collapse, i.e., the desired value of

n. All of these facts make the selection of the proper value of n possible and Iall are in fact synonomous with buckling, i.e. , oa rather sudden change in the
nature Of 'the behavior of the system.
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PLASTIC BEHAVIOR OF AXIA4LLY LOADED CYLINDRICAL SHE LLS

To date only a very limited amount of work has been done in the gen-o
al area of dynamic plasticity of si ells (Refs. 34, 35, 36). This is due.
rgelyto the rather considerable m thematical complexities of the problem.

Sthe present analysis an approximate method for predicting large plastic de-
rmation of axially loaded cylindrical shells -s developed through use of
tergy criteria. •

It is assumed that the shell is subjected to a dynamically applied axial
adc of short time duration. This essentially reduces the problem to one of
nsidering a structure having an initial kinetic energy. If the energy absorbed
the shell is considered as a function of lateral deflection, then according to

*;ference 36, there can be a region of instability in the elastic region which
rresponds to snap buckling of the shell, or, if this does not occur then when
e structure becomes plastic there could be a point of plastic instability. if
such point exists and the shell is loaded further then there exists a point
which a slight increment of energy will lead to a very large deformation of

e shell. This last possibility is termed collapse.

For an elasto-plastic material the work done by the internal forces
r unit volume is given by

•" k•

V a.i di. + (45)

ere the repeated index implies su9 mation and

=2 _z 2 2 2 2 2i (c-a *+(a -a:) + (a-a) + a(T +T + )
? y t y2 x xy yz xz

x y z_

(46)
3 2 2 2+e +e7 xy yz xz

- -C+C +C

x y z

k = bulk mo'lulus of the material /

r a thin shell of incompressible material (: = o) these relations becoi

V f d' dei

0
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I

-c + 3T (47)"VXC" +% O+T) .

2 x 1 2 2Cj 7 7'F "4 CXc + + -C c" 1 ,

where the integration is extended over the volume of the shell.

The strains at any distance z from the middle surface are given by

C = C- Z
I

Cy = ty- z( 148)
y y
I

C C - Zz"xy xy

where C, C, Cxy are given by Equations (22) and T1' I' and? are the

usual curvatures and twist defined by

2W

2. 1b
2 

+

2aR RR XI• l. w I •v

7 1 aTw I av (49)

where X is the central angle defined by the relation

dy = RdX (49;t)

Ne .A, a deformation-type elasto-plastic stress-strain law can be
written as

a.= 4---( + •1C

a = 4  ( 50

x 3 .i i x

(ay + (50)
1

1*1

xy 3e. xy
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or P.5 and where

66 1, E [I W(C)] 66 6 666 6

For -the elastic region w (ci) vanishes. For very large deformations we may
.essonably neglect all terms involving u and v as well as their derivatives
ts being small compared to w and its derivatives in which case

rawa1-(ý: 6 (51)y2 27~Rx, R ax

*' I L w w 2z i2W

"x-- -,

xyR ax ax R 6xax

We shall consider an elastic linear hardening material which is incom-
ressible and whose stress-strain relations are given by

=o for ri < Ca' (elastic region)

(52)

) : (i - for C. > C (plastic region)

here IC is the strain at which yielding, occurs inuniaxial tension and . 6

S=I 1 do"
1d77 =1 53)

"ith these last relations the work done by the internal forces (Equation 45)
!comes

L ZITR

v E (1 - 77) [h(xX) +*- -(x,%)
3 4

0 0

h (54)

2.*C Y h(X, X)+ z ý, X)~ 3/z Z Y
+(x. , X) jdx dy

h
Z 2
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where 1
-Y~~~ (X ): x + 2( ) w /aV NZ.

4 ~ 2+-W) MiL-W) + Z(

For extremely large deformations the terms in Equation (54) which correspond
to bending strains can be neglected and the work becomes

L 21TR

V E G M h-yx, X + h hy_(. ) xdy (56)

0 0

For a perfectly plastic material, 17 = 1 and for this case Equation (56)
becomes

L2R E es

V 1 1  h yyx, dx dy (57)

o 0

If I denotes the impulse per unit mass imparted to the shell by the
axial loading, then from impulse-momentum relatiots one can write for an
elemental mass dmn

(w) dm = Idm

or

I - (58)

The kinetic energy of the shell, from Equation (29) now becomes

E 1 h~ 1 2 a(9
Ek = hfphId (59)
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ree the integration extends over the entire middle surface of the shell.
us, any specified form of impulse can now be substituted in Equation (59)
yield the kinetic energy of the shell.ý Let us take this in the form I (x, y) =
(x,y). Then it is possible to equate the initial kinetic energy (Equation 59)

the work done by the internal forces (Equation 57).

At this point in the analysia it is necessary to assurne a'deflection . C .
xfiguration. One excellent possibility is to utilize that offered in Reference
rhich related the geometry of the triangular plane surfaces which form upon

-- lapse to the geometric parameters of the shell. In this manner the impulse
iuired to cause collapse, i. e. a specified lateral deflection is determined.
:ause of the complexity of these relations it is almost essential that these
culations be carried out on a digital computer.
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PART I- COMPARISON OF THEORETICAL PREDICTIONS
WITH EXPERIMENTAL RESULTS *1

10. RIGID IMPACT OF PRESSURIZED CYLINDRICAL SHELLS

A comparison between the theoretical predictions with the experi-,
mental results as obtained under this program are summarized in Table 10.
The comparison is made for a 5032 H-38 Al shell having the following di-
mensions: Mean diameter, 5. 716; length 22. 8 in., wall thickness . 016 in.

TABLE 10. COMPARISON OF THEORETICAL AND
EXPERIMENTAL RESULTS - PHASE I

0  q a t Test

Ft/sec psig T E ( ('--f)E cYT E No.

11.5 17 .355 .450 6 5 325 560 G-2

11.5 17 .355 .672(2) 600 G-8(1)
.355 .520

11.5 34 .380 .482 6 5 370 570 G-3

23 17 .437 .417 6 140 260 G-6

23 34 .448 .376 6 205 250 G-7

(2) Measured near the impacted end with one pair of opposite strain gages
(1) Specimen had supported impacted end condition. All other tests utilized

free end condition.

11. NON-RIGID IMPACT

Comparison is made for two shell thicknesses on the basis of three
d7

constant rates of axial stress rise, da-. The rates determined from the

rigid body sand impact tests are as follows:

For the . 016 in. shell: r

-- 30.5 x 106, 214 x 106, and 708 x 106 psi/sec.

.o = h" 0
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0 9 °co 0 o 0 00 =

For the. 008 in. shell:der 6 6
o, : = 61.2 x 106  419 x10 and 1417 x 1 psi/see.

0 0 0 0 0 0 0 psi/sec.0

f0 =0 .008in. =h

The comparison is shown in Table -il.' : 0 -ýo:- .

TABLE 11. COMPARISON OF; THEORETICAL AND
EXPERIMENTAL RESULTS - PHASE 3

dCldt h T crE (nf)E T E Test
x 10-6. in. gMec ALsec No.

30.5 .016 .462 .271(1) 7 --- 900 500(1) 5-17

214 .016 .41 .446 6 6 114 300 S-14

708 .016 .75 .462 8 10' 77 260 S-13

61.2 .008 .37 .394 5 5-6 179 380 S-16

419 .008 .62 .728 11 10 44 220 S-19

1417 .008 1.30 .741 14 5 28 200 S-15

(1) Prebuckled

rhe following comparison applies to the h = . 008 in sheUl with fo = = 2h = 2h
,016 in.

da
t t--• a a" tcrT tcr

psi/sec x 10" 6  (:rT c(rE (n) T Jsec Jse-

61.2 .20 .394 6 5-6 92 380

419 .57 .728 9 10 41 220

The values corresponding to the f = 2h imperfection factor are prob-
ably more applicable to the . 008 in thickness cylindrical shells tested in this
program. At determined in the preceding program, these shells were im-
perfect bya factor of two wall tCicknesses whereas the .016 in. shells were
imperfect by a factor between h/2 and h. What needs to be done in order to
obtain a va.lid cor-parison is a measurement of each shell in its test fixture
prior to testing as was done in the pressurized shell experiments during
this program.
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-. SU1 MARY DISCUSSION AND CONCLUSIONS

i1 Ri id Impact

Except for test no. G-8 in which the specimen was iupported by the
*Ircular 'plate at the impacted end, the experimentally obtained values of 5 cr
anged from 82 to 127% of the theoretically predicted values. Risking making
onclusions based on a small number of tests, it is observed that at Vo = 11. 5
t/sec,(acr) /(f )T=. 127 (Test nos. G-2and G-s) whereas'atVo= 23 ft/sec.

t/eC( cr/ ) 1T27

- d 955 and . 826 (Tests nos. G-6 and G-7, respectively). Also, in the

latter pair, specimen G-7 had a lower (F )E than specimen G-6 despite
the fact that its internal pressure was twfce as high as G-6. This
trend in the experiments, which runs contrary to theoretical predictions,
is due largely to the effect of the asymmetry of the applied impact loading.
This conclusion is drawn from the observation that the variation of the
peak values among the three measurements of axial strain trade in each test
is larger in specimens G-6 and G-7 than in G-2 and G-3. A comparison of the
atio of the largest deviation of a local value from the average of the three
alues to the average value shows: G-2: 10%, G-3: 3%0, G-6: 13%,
;-7: 25%. The results of test no. G-4 may be recalled at this time in
Phich the observed asymmetrical impact produced low axial strains. The
Latness of the impact, as obtained from the apparatus employed for these
msts, was less at higher impact velocities. It may be concluded, there-
2re, that a small axial asymmetry of the impact, significantly reduces
ie buckling stress. A large non-uniformity results in local deformations
ccurring where the impact is applied and a buckling response is not
resent, at least initially. Relativeljr low axial loads are introduced
uring this initial phase, but when the impact is later applied to the entire
orss section, the shell undergoes a collapse process which is similar to
te case of a uniformly applied impact..

The edge support condition has an important effect on the buckling
ehavior of an axially impacted shell. The comparison between test nos. G-8
nd G-2 show that a substantial increase in the buckling strese resulted by
reventing local buckling from occurring at the impacted end. In both tests,
ie impacted edge was initally free of restraint prior to the impact, and the
iternal pressurization produced no initial deformations at that end. The effect
.sted therefore was that of inward rotation of the shell wall at the impacted
nd, specimen G-2 being free to rotate and G-8 restrained against inward
Dtation.

For the case of an internally pressurized right circuiar cylindrical
tell subject to axially syrnmetric impact by a rignikilbody, a nonlinear theory
ccirporating effects of initial imperfections has beeni"Ipsented which predicts
"namic buckling loads with good accuracy. The theory pŽl>C-t-S the number of
rcumferential waves with considerable accuracy an.&alo 1 ndic--&ts correctly
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: ,A,

,experimentally observed trend of decreasing time required to reach the
ýling load with increasing impact velocity for like shells with equal
-surization. Further, it correctly predicts the experimentally observed
id of increasing time required to reach the, buckling load when the internal
isure, is increased tor constant impact velocities.

2 High Velocity Impact

Over'the velocity range -216-271 fttsec covered in tests, HV-4, -6, and
an inverse trend of both axial strain and axial force with velocity was
erved. The values of the first peak of the ,strain records obtained at the
-length position are as follows(Each value is the average of two measure-
its): HV-4 (VO = 216 ft/sec), C=3450u in/in; HV-6 (V0 = 225 ft/sec), ( = 2700
1In. A similar trend was noted also in the average values of the strain and
)arately) acceleration records. Considering the gross average of the strain
acceleration measurements (taken together) the following values for the
rage force sustained by the shells during a large portion of the collapse
cess are: P = 2150 lb for Vo = 220 ft/sec (average of Test nos. HV-4 and -6)
P = 1890 lb for Vo = 271 ft/sec (Test No. HV-7). The corresponding
ensionless stresses, 1= 127 and .112.

Further experimentation is required to substantiate the observed inverse
Ld of axial force with impact velocity and to determine whether this trend is
;inuous for a given shell or whether it is interrupted by the occurrence of
igingbuckle and collapse modes.

The fact that the high strain levels sustained for substantial times
erring to Figures 86 and 93) at the forward gage position were not trans-
:ed to the mid-length positions is puzzling. Further work should be done
xplain this phenomenon.

As noted previously, a ring collapse mode was obtained in Test No.
8 conducted at Vo = 392 ft/sec. It is believed that this is the first time
Sa configuration has been observed in a thin shell. Further work is needed J
etermine what is the critical, postbuckling, and collapse behavior of a shell
n' it underg6esf thisa type0 of response. Itiisd 0xpected thatcthe cring mode should
inate in the high velocity cloading 'rigime.° What is the rmode of response a t I 'c

i higher velocities? Obviously, there are thresholds of velocity which
irate distinctly different regimes of response in a shell such as a cylinder
one under axial impact. Exploratior of these regimes should prove interesting
meaningful to the structures field.

SNon-Rigid Impact

Axial impact of a right circular cylindrical shell into a non-rigid medium
studied experimentally with the aid of a calibration obtained from a rigid

r force-time penetration curve for the same medium. Agreement of test
ilts from impact of cylindrical shells into sand with predictions of a nonlinear
ry incorporating effects of initial imperfections is moderately good with regard
iean axial buckling stress. This applies to thin shells (R/h = 356) which were
vn to possess initial geometric imperfections of approximately twice the wall
kness. For the thicker shells (R/h - 178) possessing initial imperfections
'ing from half the shell thickness to the full shell thickness, agreement of
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tuckling stresses was again moderately good, being much better for lower
$npact velocities. In all cases the nonlinear theory predicts the number of
ircumferential waves with rather good accuracy. Further, it predicts correctly
he experimentally observed trend of decreasing time required to reach the buckling
oad with increasing impact velocity.

It would appear, from the moderately good agreement between the theo-
'etical and experimental results obtained herein, that reasonable estimates of
luckling stress for non-rigid impact can be made, provided that the following
.bnditions are met: (1) the force-time curve of the impacted medium has an
.pproximately linear initial rise to the peak value; (2) the frontal structure which
nakes the initial contact with the medium is sufficiently rugged to remain rigid
luring the impact. In order to apply the analysis, the rigid body force-time
haracteristic for the impacted medium must be determined and the slope
epresenting the initial rise to the peak obtained. Values of VandC are then
omputed for particular values of n. Plots of Uvs C are made for various values
f n, and that curve which is the first (in time) to reach a clearly defined peak in
is selected as the pertinent curve. The value of 5 at the inflection point of this

urve corresponds to the buckling stress. Since the applied load varies linearly
rith time, the time corresponding to buckling is easily obtained.

As with rigid impact the initial imperfections of the shell, especially at
he ends, must be known if accuracy of prediction is to be obtained. The methods
ýr measuring and computing actual imperfections, described previously, are
ecomrmended as both accurate and convenient for this purpose.
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